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Abstract
In this paper we fill a necessary gap in order to realize the explicit compari-
son between the Kaluza Klein spectra of supergravity compactified on AdS4 ×X7
and superconformal field theories living on the world volume of M2–branes. On
the algebraic side we consider the superalgebra Osp(N|4) and we study the dou-
ble intepretation of its unitary irreducible representations either as supermultiplets
of particle states in the bulk or as conformal superfield on the boundary. On the
lagrangian field theory side we construct, using rheonomy rather than superfield
techniques, the generic form of an N = 2, d = 3 gauge theory. Indeed the super-
conformal multiplets are supposed to be composite operators in a suitable gauge
theory.
∗ Supported in part by EEC under TMR contract ERBFMRX-CT96-0045
1 Introduction
One of the most exciting developments in the recent history of string theory has been the
discovery of the holographic AdS/CFT correspondence [1, 2, 3, 4, 5, 6]:
SCFT on ∂(AdSp+2) ↔ SUGRA on AdSp+2 (1.1)
between a d = p + 1 quantum superconformal field theory on the boundary of anti de
Sitter space and classical Kaluza Klein supergravity [7, 8, 9, 10, 11], [12, 13, 14, 15, 16, 17],
[18, 19, 20], [21, 22, 23, 24, 25, 26] emerging from compactification of either superstrings
or M-theory on the product space
AdSp+2 × XD−p−2 , (1.2)
where XD−p−2 is a D − p− 2–dimensional compact Einstein manifold.
The present paper deals with the case:
p = 2 ↔ d = 3 (1.3)
and studies two issues:
1. The relation between the description of unitary irreducible representations of the
Osp(2|4) superalgebra seen as off–shell conformal superfields in d = 3 or as on–shell
particle supermultiplets in d = 4 anti de Sitter space. Such double interpretation of
the same abstract representations is the algebraic core of the AdS/CFT correspon-
dence.
2. The generic component form of an N = 2 gauge theory in three space-time di-
mensions containing the supermultiplet of an arbitrary gauge group, an arbitrary
number of scalar multiplets in arbitrary representations of the gauge group and with
generic superpotential interactions. This is also an essential item in the discussion of
the AdS/CFT correspondence since the superconformal field theory on the bound-
ary is to be identified with a superconformal infrared fixed point of a non abelian
gauge theory of such a type.
Before presenting our results we put them into perspective through the following intro-
ductory remarks.
1.1 The conceptual environment and our goals
The logical path connecting the two partners in the above correspondence (1.1) starts from
considering a special instance of classical p–brane solution of D–dimensional supergravity
characterized by the absence of a dilaton (a = 0 in standard p–brane notations) and by
the following relation:
dd˜
D − 2 = 2 (1.4)
between the dimension d ≡ p + 1 of the p–brane world volume and that of its magnetic
dual d˜ ≡ D − p − 3. Such a solution is given by the following metric and p + 2 field
1
strength:
ds2brane =
(
1 +
k
rd˜
)− d˜
(D−2)
dxm ⊗ dxn ηmn −
(
1 +
k
rd˜
) d
(D−2) (
dr2 + r2 ds2X(y)
)
,
F ≡ dA = λ(−)p+1ǫm1...mp+1dxm1 ∧ . . . ∧ dxmp+1 ∧ dr
(
1 +
k
rd˜
)−2
1
rd˜+1
. (1.5)
In eq. (1.5) ds2X(y) denotes the Einstein metric on the compact manifold X
D−p−2 and the
D coordinates have been subdivided into the following subsets
• xm (m = 0, . . . , p) are the coordinates on the p–brane world–volume,
• r = radial ⊕ yx = angular on XD−p−2 (x = D − d + 2, . . . , D) are the coordinates
transverse to the brane.
In the limit r → 0 the classical brane metric ds2brane approaches the following metric:
ds2 =
r2d˜/d
k2/d
dxm ⊗ dxn ηmn − k
2/d˜
r2
dr2︸ ︷︷ ︸ − k2/d˜ ds2X(y)︸ ︷︷ ︸
AdSp+2 × XD−p−2 ,
(1.6)
that is easily identified as the standard metric on the product space AdSp+2 × XD−p−2.
Indeed it suffices to set:
ρ = rd˜/d k2(d+d˜)/d
2
(1.7)
to obtain :
ds2brane
r→0≈ k2/d˜
(
ds2AdS − ds2X(y)
)
, (1.8)
ds2AdS =
(
ρ2 dxm ⊗ dxn ηmn − dρ
2
ρ2
)
, (1.9)
where (1.9) is the canonical form of the anti de Sitter metric in solvable coordinates [49].
On the other hand, for r →∞ the brane metric approaches the limit:
ds2brane
r→∞≈ dxm ⊗ dxn ηmn︸ ︷︷ ︸ − dr2 + r2 ds2X(y)︸ ︷︷ ︸
Mp+1 C
(
XD−p−2
)
,
(1.10)
where Mp+1 denotes Minkowski space in p+ 1 dimensions while C
(
XD−p−2
)
denotes the
D − p− 1 dimensional metric cone over the horizon manifold XD−p−2. The key point is
that (compactified) Minkowski space can also be identified with the boundary of anti de
Sitter space:
∂ (AdSp+2) ≡Mp+1 , (1.11)
so that we can relate supergravity on AdSp+2 ×XD−p−2 to the gauge theory of a stack of
p–branes placed in such a way as to have the metric cone as transverse space (see fig.1)
C
(
XD−p−2
)
= transverse directions to the branes. (1.12)
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Figure 1: The metric cone C
(
XD−p−2
)
is transverse to the stack of branes
According to current lore on brane dynamics [50, 51, 52, 53], if the metric cone
C(XD−p−2) can be reintepreted as some suitable resolution of an orbifold singularity
[54, 55, 56, 57]:
C(XD−p−2) = resolution of
RD−p−1
Γ
,
Γ = discrete group, (1.13)
then there are means to identify a gauge theory in Mp+1 Minkowski space with super-
symmetry N determined by the holonomy of the metric cone, whose structure and field
content in the ultraviolet limit is determined by the orbifold RD−p−1/Γ. In the infrared
limit, corresponding to the resolution C(XD−p−2), such a gauge theory has a superconfor-
mal fixed point and defines the superconformal field theory SCFTp+1 dual to supergravity
on AdSp+2 ×XD−p−2.
In this general conceptual framework there are three main interesting cases where the
basic relation (1.4) is satisfied
p = 3 D = 10 AdS5 ×X5 D3–brane of type IIB theory
p = 2 D = 11 AdS4 ×X7 M2–brane of M–theory
p = 5 D = 11 AdS7 ×X4 M5–brane of M–theory
(1.14)
The present paper focuses on the case of M2 branes and on the general features of N = 2
superconformal field theories in d = 3. Indeed the final goal we are pursuing in a series of
papers is that of determining the three–dimensional superconformal field theories dual to
compactifications of D=11 supergravity on AdS4 ×X7, where the non spherical horizon
X7 is chosen to be one of the four homogeneous sasakian 7–manifolds G/H :
X7 =

M1,1,1 = SU(3)×SU(2)×U(1)
SU(2)×U(1)×U(1)
Q1,1,1 = SU(2)×SU(2)×SU(2)
U(1)×U(1)
N0,1,0 = SU(3)
U(1)
V5,2 =
SO(5)×SO(2)
SO(3)×SO(2)
(1.15)
that were classified in the years 1982-1985 [13, 21, 24] when Kaluza Klein supergravity
was very topical. The Sasakian structure [30, 31, 32, 33] of G/H reflects its holonomy
3
and is the property that guarantees N = 2 supersymmetry both in the bulk AdS4 and
on the boundary M3. Kaluza Klein spectra for D = 11 supergravity compactified on the
manifolds (1.15) have already been constructed [29] or are under construction [34] and,
once the corresponding superconformal theory has been identified, it can provide a very
important tool for comparison and discussion of the AdS/CFT correspondence.
1.2 The specific problems addressed and solved in this paper
In the present paper we do not address the question of constructing the algebraic conifolds
defined by the metric cones C(G/H) nor the identification of the corresponding orbifolds.
Here we do not discuss the specific construction of the superconformal field theories as-
sociated with the horizons (1.15) which is postponed to future publications [35]: we
rather consider a more general problem that constitutes an intermediate and essential
step for the comparison between Kaluza Klein spectra and superconformal field theories.
As anticipated above, what we need is a general translation vocabulary between the two
descriptions of Osp(N|4) as the superisometry algebra in anti de Sitter N –extended d = 4
superspace and as a superconformal algebra in d = 3. In order to make the comparison
between superconformal field theories and Kaluza Klein results explicit, such a transla-
tion vocabulary is particularly essential at the level of unitary irreducible representations
(UIR). On the Kaluza Klein side the UIR.s appear as supermultiplets of on–shell particle
states characterized by their square mass m2 which, through well established formulae, is
expressed as a quadratic form:
m2 = c (E0 − a)(E0 − b) (1.16)
in the energy eigenvalue E0 of a compact SO(2) generator, by their spin s with respect to
the compact SO(3) little group of their momentum vector and, finally, by a set of SO(N )
labels. These particle states live in the bulk of AdS4. On the superconformal side the
UIR.s appear instead as multiplets of primary conformal operators constructed out of the
fundamental fields of the gauge theory. They are characterized by their conformal weight
D, their SO(1, 2) spin J and by the labels of the SO(N ) representation they belong
to. Actually it is very convenient to regard such multiplets of conformal operators as
appropriate conformally invariant superfields in d = 3 superspace.
Given this, what one needs is a general framework to convert data from one language
to the other.
Such a programme has been extensively developed in the case of the AdS5/CFT4
correspondence between N = 4 Yang–Mills theory in D = 4, seen as a superconformal
theory, and type IIB supergravity compactified on AdS5 × S5. In this case the supercon-
formal algebra is SU(2, 2|4) and the relation between the two descriptions of its UIR.s
as boundary or bulk supermultiplets was given, in an algebraic setup, by Gunaydin and
collaborators [36, 37], while the corresponding superfield description was discussed in a
series of papers by Ferrara and collaborators [38, 39, 40, 41].
A similar discussion for the case of the Osp(N|4) superalgebra was, up to our knowl-
edge, missing so far. The present paper is meant to fill the gap.
There are relevant structural differences between the superalgebra G = SU(2, 2|N )
and the superalgebraG = Osp(N|4) but the basic strategy of papers [36, 37] that consists
of performing a suitable rotation from a basis of eigenstates of the maximal compact
subgroup SO(2)× SO(p+ 1) ⊂ G to a basis of eigenstates of the maximal non compact
subgroup SO(1, 1)× SO(1, p) ⊂ G can be adapted. After such a rotation we derive the
d = 3 superfield description of the supermultiplets by means of a very simple and powerful
method based on the supersolvable parametrization of anti de Sitter superspace [48]. By
definition, anti de Sitter superspace is the following supercoset:
AdS4|N ≡ Osp(N|4)
SO(1, 3)× SO(N ) (1.17)
and has 4 bosonic coordinates labeling the points in AdS4 and 4×N fermionic coordinates
Θαi that transform as Majorana spinors under SO(1, 3) and as vectors under SO(N ).
There are many possible coordinate choices for parametrizing such a manifold, but as far
as the bosonic submanifold is concerned it was shown in [49] that a particularly useful
parametrization is the solvable one where the AdS4 coset is regarded as a non–compact
solvable group manifold:
AdS4 ≡ SO(2, 3)
SO(1, 3)
= exp [SolvadS ] (1.18)
The solvable algebra SolvadS is spanned by the unique non–compact Cartan generator D
belonging to the coset and by three abelian operators Pm (m = 0, 1, 2) generating the
translation subalgebra in d = 1 + 2 dimensions. The solvable coordinates are
ρ ↔ D ; zm ↔ Pm (1.19)
and in such coordinates the AdS4 metric takes the form (1.9). Hence ρ is interpreted as
measuring the distance from the brane–stack and zm are interpreted as cartesian coordi-
nates on the brane boundary ∂(AdS4). In [48] we addressed the question whether such
a solvable parametrization of AdS4 could be extended to a supersolvable parametrization
of anti de Sitter supersapce as defined in (1.17). In practice that meant to single out a
solvable superalgebra with 4 bosonic and 4×N fermionic generators. This turned out to
be impossible, yet we easily found a supersolvable algebra SSolvadS with 4 bosonic and
2×N fermionic generators whose exponential defines solvable anti de Sitter superspace:
AdS
(Solv)
4|2N ≡ exp [SSolvadS] (1.20)
The supermanifold (1.20) is also a supercoset of the same supergroup Osp(N|4) but with
respect to a different subgroup:
AdS
(Solv)
4|2N =
Osp(4|N )
CSO(1, 2|N ) (1.21)
where CSO(1, 2|N ) ⊂ Osp(N|4) is an algebra containing 3+3+N (N−1)
2
bosonic generators
and 2×N fermionic ones. This algebra is the semidirect product:
CSO(1, 2|N ) = ISO(1, 2|N )× SO(N )︸ ︷︷ ︸
semidirect
(1.22)
of N –extended superPoincare´ algebra in d = 3 (ISO(1, 2|N )) with the orthogonal group
SO(N ). It should be clearly distinguished from the central extension of the Poincare´
superalgebra Z [ISO(1, 2|N )] which has the same number of generators but different
commutation relations. Indeed there are three essential differences that it is worth to
recall at this point:
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Figure 2: Boundary superfields are obtained as limiting values of superfields in the bulk
1. In Z [ISO(1, 2|N )] the N (N − 1)/2 internal generators Z ij are abelian, while in
CSO(1, 2|N ) the corresponding T ij are non abelian and generate SO(N ).
2. In Z [ISO(1, 2|N )] the supercharges qαi commute with Z ij (these are in fact central
charges), while in CSO(1, 2|N ) they transform as vectors under T ij
3. In Z [ISO(1, 2|N )] the anticommutator of two supercharges yields, besides the
translation generators Pm, also the central charges Z
ij, while in CSO(1, 2|N ) this
is not true.
We will see the exact structure of CSO(1, 2|N ) ⊂ Osp(N|4) and of ISO(1, 2|N ) ⊂
CSO(1, 2|N ) as soon as we have introduced the full orthosymplectic algebra. In the su-
perconformal interpretation of the Osp(N|4) superalgebra, CSO(1, 2|N ) is spanned by
the conformal boosts Km, the Lorentz generators J
m and the special conformal super-
symmetries siα. Being a coset, the solvable AdS–superspace AdS
(Solv)
4|2N supports a non
linear representation of the full Osp(N|4) superalgebra. As shown in [48], we can regard
AdS
(Solv)
4|2N as ordinary anti de Sitter superspace AdS4|N where 2×N fermionic coordinates
have being eliminated by fixing κ–supersymmetry.
Our strategy to construct the boundary superfields is the following. First we construct
the supermultiplets in the bulk by acting on the abstract states spanning the UIR with the
coset representative of the solvable superspace AdS
(Solv)
4|2N and then we reach the boundary
by performing the limit ρ→ 0 (see fig. 2)
The general structure of the Osp(2|4) supermultiplets that may appear in Kaluza
Klein supergravity has been determined recently in [29] through consideration of a spe-
cific example, that where the manifold X7 is the sasakian M1,1,1. Performing harmonic
analysis on M1,1,1 we have found graviton, gravitino and vector multiplets both in a long
and in a shortened version. In addition we have found hypermultiplets that are always
short and the ultra short multiplets corresponding to massless fields. According to our
previous discussion each of these multiplets must correspond to a primary superfield on
the boundary. We determine such superfields with the above described method. Short
supermultiplets correspond to constrained superfields. The shortening conditions relat-
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ing mass and hypercharges are retrieved here as the necessary condition to mantain the
constraints after a superconformal transformation.
As we anticipated above these primary conformal fields are eventually realized as com-
posite operators in a suitable N = 2, d = 3 gauge theory. Hence, in the second part of
this paper we construct the general form of such a theory. To this effect, rather than
superspace formalism we employ our favorite rheonomic approach that, at the end of the
day, yields an explicit component form of the lagrangian and the supersymmetry trans-
formation rules for all the physical and auxiliary fields. Although supersymmetric gauge
theories in d = 3 dimensions have been discussed in the literature through many examples
(mostly using superspace formalism) a survey of their general form seems to us useful.
Keeping track of all the possibilities we construct a supersymmetric off–shell lagrangian
that employs all the auxiliary fields and includes, besides minimal gauge couplings and
superpotential interactions also Chern Simons interactions and Fayet Iliopoulos terms.
We restrict however the kinetic terms of the gauge fields to be quadratic since we are
interested in microscopic gauge theories and not in effective lagrangians. Generalization
of our results to non minimal couplings including arbitrary holomorphic functions of the
scalars in front of the gauge kinetic terms is certainly possible but it is not covered in our
paper.
In particular we present general formulae for the scalar potential and we analyse the
further conditions that an N = 2 gauge theory should satisfy in order to admit either
N = 4 or N = 8 supersymmetry. This is important in connection with the problem
of deriving the ultraviolet orbifold gauge theories associated with the sasakian horizons
(1.15). Indeed a possible situation that might be envisaged is that where at the orbifold
point the gauge theory has larger supersymmetry broken to N = 2 by some of the
perturbations responsible for the singularity resolution. It is therefore vital to write
N = 4 and N = 8 theories in N = 2 language. This is precisely what we do here.
1.3 Our paper is organized as follows:
In section 2 we discuss the definition and the general properties of the orthosymplectic
Osp(N|4) superalgebra. In particular we discuss its two five–gradings: compact and
non compact, the first related to the supergravity interpretation , the second to the
superconformal field theory interpretation.
In section 3 we discuss the supercoset structure of superspace and the realization of
the Osp(N|4) superalgebra as an algebra of transformations in two different supercosets,
the first describing the bulk of AdS4, the second its boundary ∂(AdS4).
In section 4 we come to one of the main points of our paper and focusing on the case
N = 2 we show how to construct boundary conformal superfields out of the Kaluza Klein
Osp(2|4) supermultiplets.
In section 5 we discuss the rheonomic construction of a generic N = 2, d = 3 gauge
theory with arbitrary field content and arbitrary superpotential interactions.
In section 6 we briefly summarize our conclusions.
Finally in appendix A the reader can find the explicit derivation of the Killing vectors
generating the action of the Osp(N|4) superalgebra on superspace. These Killing vectors
are an essential tool for the derivation of our result in section 4
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2 The Osp(N|4) superalgebra: definition, properties
and notations
The non compact superalgebra Osp(N|4) relevant to the AdS4/CFT3 correspondence is
a real section of the complex orthosymplectic superalgebra Osp(N|4,C) that admits the
Lie algebra
Geven = Sp(4, IR)× SO(N , IR) (2.1)
as even subalgebra. Alternatively, due to the isomorphism Sp(4, IR) ≡ Usp(2, 2) we can
take a different real section of Osp(N|4,C) such that the even subalgebra is:
G′even = Usp(2, 2)× SO(N , IR) (2.2)
In this paper we mostly rely on the second formulation (2.2) which is more convenient to
discuss unitary irreducible representations, while in ([48]) we used the first (2.1) that is
more advantageous for the description of the supermembrane geometry. The two formu-
lations are related by a unitary transformation that, in spinor language, corresponds to
a different choice of the gamma matrix representation. Formulation (2.1) is obtained in
a Majorana representation where all the gamma matrices are real (or purely imaginary),
while formulation (2.2) is related to a Dirac representation.
Our choice for the gamma matrices in a Dirac representation is the following one1:
Γ0 =
(
0
0 −
)
, Γ1,2,3 =
(
0 τ 1,2,3
−τ 1,2,3 0
)
, C[4] = iΓ
0Γ3 , (2.3)
having denoted by C[4] the charge conjugation matrix in 4–dimensions C[4] Γ
µ C−1[4] =
−(Γµ)T .
Then the Osp(N|4) superalgebra is defined as the set of graded (4 + N ) × (4 + N )
matrices µ that satisfy the following two conditions:
µT
(
C[4] 0
0 1N×N
)
+
(
C[4] 0
0 1N×N
)
µ = 0
µ†
(
Γ0 0
0 −1N×N
)
+
(
Γ0 0
0 −1N×N
)
µ = 0
(2.4)
the first condition defining the complex orthosymplectic algebra, the second one the real
section with even subalgebra as in eq.(2.2). Eq.s (2.4) are solved by setting:
µ =
(
εAB 1
4
[IΓA , IΓB] ǫ
i
ǫ¯i i εij t
ij
)
(2.5)
In eq.(2.5) εij = −εji is an arbitrary real antisymmetric N ×N tensor, tij = −tji is the
antisymmetric N ×N matrix:
(tij)ℓm = i
(
δiℓδ
j
m − δimδjℓ
)
(2.6)
1we adopt as explicit representation of the SO(3) τ matrices a permutation of the canonical Pauli
matrices σa: τ1 = σ3, τ2 = σ1 and τ3 = σ2; for the spin covering of SO(1, 2) we choose instead the
matrices γ defined in (2.17).
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namely a standard generator of the SO(N ) Lie algebra,
IΓA =
{
i Γ5Γµ A = µ = 0, 1, 2, 3
Γ5 ≡ iΓ0Γ1Γ2Γ3 A = 4 (2.7)
denotes a realization of the SO(2, 3) Clifford algebra:
{IΓA , IΓB} = 2ηAB
ηAB = diag(+,−,−,−,+) (2.8)
and
ǫi = C[4]
(
ǫ¯i
)T
(i = 1, . . . N ) (2.9)
are N anticommuting Majorana spinors.
The index conventions we have so far introduced can be summarized as follows.
Capital indices A,B = 0, 1, . . . , 4 denote SO(2, 3) vectors. The latin indices of type
i, j, k = 1, . . . ,N are SO(N ) vector indices. The indices a, b, c, . . . = 1, 2, 3 are used
to denote spatial directions of AdS4: ηab = diag(−,−,−), while the indices of type
m,n, p, . . . = 0, 1, 2 are space-time indices for the Minkowskian boundary ∂ (AdS4):
ηmn = diag(+,−,−). To write the Osp(N|4) algebra in abstract form it suffices to
read the graded matrix (2.5) as a linear combination of generators:
µ ≡ −iεABMAB + iεij T ij + ǫ¯iQi (2.10)
where Qi = C[4]
(
Q
i
)T
are also Majorana spinor operators. Then the superalgebra reads
as follows:
[MAB , MCD] = i (ηADMBC + ηBCMAD − ηACMBD − ηBDMAC)[
T ij , T kl
]
= −i (δjk T il − δik T jl − δjl T ik + δil T jk)[
MAB , Q
i
]
= −i1
4
[IΓA , IΓB] Q
i[
T ij , Qk
]
= −i (δjkQi − δikQj){
Qαi, Q
j
β
}
= iδij
1
4
[
IΓA , IΓB
]
α
βMAB + iδ
α
β T
ij (2.11)
The form (2.11) of the Osp(N|4) superalgebra coincides with that given in papers [16],[17]
and utilized by us in our recent derivation of the M111 spectrum [29].
In the gamma matrix basis (2.3) the Majorana supersymmetry charges have the fol-
lowing form:
Qi =
(
aiα
εαβa¯
βi
)
, a¯αi ≡
(
aiα
)†
, (2.12)
where aiα are two-component SL(2,C) spinors: α, β, . . . = 1, 2. We do not use dotted and
undotted indices to denote conjugate SL(2,C) representations; we rather use higher and
lower indices. Raising and lowering is performed by means of the ε-symbol:
ψα = εαβψ
β , ψα = εαβψβ , (2.13)
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where ε12 = ε
21 = 1, so that εαγε
γβ = δβα. Unwritten indeces are contracted according to
the rule “from eight to two”.
In the second part of the paper where we deal with the lagrangian of d = 3 gauge
theories, the conventions for two–component spinors are slightly modified to simplify the
notations and avoide the explicit writing of spinor indices. The Grassman coordinates of
N=2 three-dimensional superspace introduced in equation (4.2) , θ±α , are renamed θ and
θc. The reason for the superscript “ c ” is that, in three dimensions the upper and lower
components of the four–dimensional 4–component spinor are charge conjugate:
θc ≡ C[3]θT , θ ≡ θ†γ0 , (2.14)
where C[3] is the d = 3 charge conjugation matrix:{
C[3]γ
mC−1[3] = −(γm)T
γ0γm(γ0)−1 = (γm)†
(2.15)
The lower case gamma matrices are 2×2 and provide a realization of the d=2+1 Clifford
algebra:
{γm , γn} = ηmn (2.16)
Utilizing the following explicit basis:
γ0 = σ2
γ1 = −iσ3
γ2 = −iσ1
C[3] = −iσ2 , (2.17)
both γ0 and C[3] become proportional to εαβ. This implies that in equation (2.14) the
role of the matrices C[3] and γ
0 is just to convert upper into lower SL(2,C) indices and
viceversa.
The relation between the two notations for the spinors is summarized in the following
table:
(θ+)α
√
2 θ
(θ+)α
√
2 θ
c
(θ−)α −i√2 θc
(θ−)α −i
√
2 θ
(2.18)
With the second set of conventions the spinor indices can be ignored since the contrac-
tions are always made between barred (on the left) and unbarred (on the right) spinors,
corresponding to the “eight to two” rule of the first set of conventions. Some examples of
this “transcription” are given by:
θθ = 1
2
i(θ−)α(θ+)α
θ
c
γθc = 1
2
i(θ+)α(γ)
α
β(θ
−)β (2.19)
2.1 Compact and non compact five gradings of the Osp(N|4)
superalgebra
As it is extensively explained in [36], a non-compact group G admits unitary irreducible
representations of the lowest weight type if it has a maximal compact subgroup G0 of the
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form G0 = H×U(1) with respect to whose Lie algebra g0 there exists has a three grading
of the Lie algebra g of G. In the case of a non–compact superalgebra the lowest weight
UIR.s can be constructed if the three grading is generalized to a five grading where the
even (odd) elements are integer (half-integer) graded:
g = g−1 ⊕ g−12 ⊕ g0 ⊕ g+12 ⊕ g+1 , (2.20)
[
gk, gl
]
⊂ gk+l gk+l = 0 for |k + l| > 1 . (2.21)
For the supergroup Osp(N|4)) this grading can be made in two ways, choosing as grade
zero subalgebra either the maximal compact subalgebra
g0 ≡ SO(3)× SO(2)× SO(N ) ⊂ Osp(N|4) (2.22)
or the non-compact subalgebra
g˜0 ≡ SO(1, 2)× SO(1, 1)× SO(N ) ⊂ Osp(N|4) (2.23)
which also exists, has the same complex extension and is also maximal.
The existence of the double five–grading is the algebraic core of the AdS4/CFT3
correspondence. Decomposing a UIR of Osp(N|4) into representations of g0 shows its
interpretation as a supermultiplet of particles states in the bulk of AdS4, while decompos-
ing it into representations of g˜0 shows its interpretation as a supermultiplet of conformal
primary fields on the boundary ∂(AdS4).
In both cases the grading is determined by the generator X of the abelian factor SO(2)
or SO(1, 1):
[X, gk] = k gk (2.24)
In the compact case (see [16]) the SO(2) generator X is given by M04. It is interpreted
as the energy generator of the four-dimensional AdS theory. It was used in [17] and [29]
for the construction of the Osp(2|4) representations, yielding the long multiplets of [17]
and the short and ultra-short multiplets of [29]. We repeat such decompositions here.
We call E the energy generator of SO(2), La the rotations of SO(3):
E = M04 ,
La =
1
2
εabcMbc , (2.25)
and M±a the boosts:
M+a = −Ma4 + iM0a ,
M−a = Ma4 + iM0a . (2.26)
The supersymmery generators are aiα and a¯
αi. Rewriting the Osp(N|4) superalgebra
(2.11) in this basis we obtain:
[E,M+a ] = M
+
a ,
[E,M−a ] = −M−a ,
[La, Lb] = i εabcLc ,
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[M+a ,M
−
b ] = 2 δabE + 2i εabc Lc ,
[La,M
+
b ] = i εabcM
+
c ,
[La,M
−
b ] = i εabcM
−
c ,
[T ij, T kl] = −i (δjk T il − δik T jl − δjl T ik + δil T jk) ,
[T ij, a¯αk] = −i (δjk a¯αi − δik a¯αj) ,
[T ij , akα] = −i (δjk aiα − δik aiα) ,
[E, aiα] = −12 aiα ,
[E, a¯αi] = 1
2
a¯αi ,
[M+a , a
i
α] = (τa)αβ a¯
βi ,
[M−a , a¯
αi] = −(τa)αβ aiβ ,
[La, a
i
α] =
1
2
(τa)α
β aiβ ,
[La, a¯
αi] = −1
2
(τa)
α
β a¯
βi ,
{aiα, ajβ} = δij (τk)αβ M−k ,
{a¯αi, a¯βj} = δij(τk)αβ M+k ,
{aiα, a¯βj} = δij δαβ E + δij (τk)αβ Lk + i δαβ T ij . (2.27)
The five–grading structure of the algebra (2.27) is shown in fig. 3 In the superconfor-
mal field theory context we are interested in the action of the Osp(N|4) generators on
superfields living on the minkowskian boundary ∂(AdS4). To be precise the boundary is
a compactification of d = 3 Minkowski space and admits a conformal family of metrics
gmn = φ(z)ηmn conformally equivalent to the the flat Minkowski metric
ηmn = (+,−,−) , m, n, p, q = 0, 1, 2 . (2.28)
Precisely because we are interested in conformal field theories the the choice of represen-
tative metric inside the conformal family is immaterial and the flat one (2.28) is certainly
the most convenient. The requested action of the superalgebra generators is obtained
upon starting from the non–compact grading with respect to (2.23). To this effect we
define the dilatation SO(1, 1) generator D and the Lorentz SO(1, 2) generators Jm as
follows:
D ≡ iM34 , Jm = i2 εmpqMpq . (2.29)
In addition we define the the d = 3 translation generators Pm and special conformal
boosts Km as follows:
Pm = Mm4 −M3m ,
Km = Mm4 +M3m . (2.30)
Finally we define the generators of d = 3 ordinary and special conformal supersymmetries,
respectively given by:
qαi = 1√
2
(
aiα + a¯
αi
)
,
siα =
1√
2
(
−aiα + a¯αi
)
. (2.31)
12
01/2
1
- -
susy generators
and Energy
E
SO(3) rotations
susy generators
boosts
boosts
-1/2
-1
M
a
M M
a
++
a a
LL L
MM --M
+
-
Figure 3: Schematic representation of the root diagram of Osp(N|4) in the SO(2) × SO(3)
basis. The grading w.r.t. the energy E is given on the right.
The SO(N ) generators are left unmodified as above. In this new basis the Osp(N|4)-
algebra (2.11) reads as follows
[D,Pm] = −Pm ,
[D,Km] = Km ,
[Jm, Jn] = εmnp J
p ,
[Km, Pn] = 2 ηmnD − 2 εmnp Jp ,
[Jm, Pn] = εmnp P
p ,
[Jm, Kn] = εmnpK
p ,
[T ij, T kl] = −i (δjk T il − δik T jl − δjl T ik + δil T jk) ,
[T ij , qαk] = −i (δjk qαi − δik qαj) ,
[T ij, skα] = −i (δjk siα − δik siα) ,
[D, qαi] = −1
2
qαi ,
[D, siα] =
1
2
siα ,
[Km, qαi] = −i (γm)αβ siβ ,
[Pm, siα] = −i (γm)αβ qβi ,
[Jm, qαi] = − i
2
(γm)αβq
βi ,
[Jm, siα] =
i
2
(γm)α
βsiβ ,
{qαi, qβj} = −i δij (γm)αβPm ,
{siα, sjβ} = i δij (γm)αβKm ,
{qαi, sjβ} = δijδαβ D − i δij(γm)αβJm + iδαβT ij . (2.32)
and the five grading structure of eq.s (2.32) is displayed in fig.4. In both cases of fig.3
and fig.4 if one takes the subset of generators of positive grading plus the abelian grading
generator X =
{
E
D
one obtains a solvable superalgebra of dimension 4 + 2N . It is
however only in the non compact case of fig.4 that the bosonic subalgebra of the solvable
superalgebra generates anti de Sitter space AdS4 as a solvable group manifold. Therefore
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Figure 4: Schematic representation of the root diagram of Osp(N|4) in the SO(1, 1)×SO(1, 2)
basis. The grading w.r.t. the dilatation D is given on the right.
the solvable superalgebra SsolvadS mentioned in eq. (1.20) is the vector span of the
following generators:
SsolvadS ≡ span
{
Pm, D, q
αi
}
(2.33)
2.2 The lowest weight UIR.s as seen from the compact and non
compact five–grading viewpoint
The structure of all the Osp(2|4) supermultiplets relevant to Kaluza Klein supergravity
is known. Their spin content is upper bounded by s = 2 and they fall into three classes:
long, short and ultrashort. Such a result has been obtained in [29] by explicit harmonic
analysis on X7 = M111, namely through the analysis of a specific example of N=2 com-
pactification on AdS4×X7. As stressed in the introduction the goal of the present paper
is to reformulate the structure of these multiplets in a way appropriate for comparison
with composite operators of the three-dimensional gauge theory living on the boundary
∂(AdS4) that behave as primary conformal fields. Actually, in view of the forthcoming
Kaluza-Klein spectrum on X7 = N010 [42], that is arranged into Osp(3|4) rather than
Osp(2|4) multiplets, it is more convenient to begin by discussing Osp(N|4) for generic N .
We start by briefly recalling the procedure of [16, 43] to construct UIR.s of Osp(N|4)
in the compact grading (2.22). Then, in a parallel way to what was done in [37] for the
case of the SU(2, 2|4) superalgebra we show that also for Osp(N|4)in each UIR carrier
space there exists a unitary rotation that maps eigenstates of E,L2, L3 into eigenstates
of D, J2, J2. By means of such a rotation the decomposition of the UIR into SO(2) ×
SO(3) representations is mapped into an analogous decomposition into SO(1, 1)×SO(1, 2)
representations. While SO(2) × SO(3) representations describe the on–shell degrees of
freedom of a bulk particle with an energy E0 and a spin s, irreducible representations of
SO(1, 1)×SO(1, 2) describe the off-shell degrees of freedom of a boundary field with scaling
weight D and Lorentz character J . Relying on this we show how to construct the on-shell
four-dimensional superfield multiplets that generate the states of these representations
and the off-shell three-dimensional superfield multiplets that build the conformal field
theory on the boundary.
Lowest weight representations of Osp(N|4) are constructed starting from the basis
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(2.27) and choosing a a vacuum state such that
M−i |(E0, s,Λ)〉 = 0 ,
aiα|(E0, s,Λ)〉 = 0 , (2.34)
where E0 denotes the eigenvalue of the energy operator M04 while s and Λ are the labels
of an irreducible SO(3) and SO(N ) representation, respectively. In particular we have:
M04 |(E0, s,Λ)〉 = E0 |(E0, s,Λ)〉
La La |(E0, s,Λ)〉 = s(s+ 1) |(E0, s,Λ)〉
L3|(E0, s,Λ)〉 = s |(E0, s,Λ)〉 . (2.35)
The states filling up the UIR are then built by applying the operators M− and the anti-
symmetrized products of the operators a¯iα:(
M+1
)n1 (
M+2
)n2 (
M+3
)n3
[a¯i1α1 . . . a¯
ip
αp ]|(E0, s,Λ)〉 (2.36)
Lowest weight representations are similarly constructed with respect to five–grading
(2.32). One starts from a vacuum state that is annihilated by the conformal boosts and
by the special conformal supersymmetries
Km |(D0, j,Λ)〉 = 0 ,
siα |(D0, j,Λ)〉 = 0 , (2.37)
and that is an eigenstate of the dilatation operator D and an irreducible SO(1, 2) repre-
sentation of spin j:
D |(D0, j,Λ)〉 = D0 |(D0, j,Λ)〉
Jm Jn ηmn |(D0, j,Λ)〉 = j(j + 1) |(D0, j,Λ)〉
J2 |(D0, j,Λ)〉 = j|(D0, j,Λ)〉 (2.38)
As for the SO(N ) representation the new vacuum is the same as before. The states
filling the UIR are now constructed by applying to the vacuum the operators Pm and the
anti-symmetrized products of qαi,
(P0)
p0 (P1)
p1 (P2)
p2 [qα1i1 . . . qαqiq ]|(D0, j,Λ)〉 . (2.39)
In the language of conformal field theories the vacuum state satisfying eq.(2.37) is
named a primary state (corresponding to the value at zm = 0 of a primary conformal
field. The states (2.39) are called the descendants.
The rotation between the SO(3) × SO(2) basis and the SO(1, 2)× SO(1, 1) basis is
performed by the operator:
U ≡ exp
[
i√
2
π(E −D)
]
, (2.40)
which has the following properties,
DU = −UE ,
J0U = i UL3 ,
J1U = UL1 ,
J2U = UL2 , (2.41)
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with respect to the grade 0 generators. Furthermore, with respect to the non vanishing
grade generators we have:
K0U = −i UM−3 ,
K1U = −UM−1 ,
K2U = −UM−2 ,
P0U = i UM
+
3 ,
P1U = UM
+
1 ,
P2U = UM
+
2 ,
qαiU = −i Ua¯αi
siαU = i Ua
i
α . (2.42)
As one immediately sees from (2.42), U interchanges the compact five–grading structure
of the superalgebra with its non compact one. In particular the SO(3)× SO(2)-vacuum
with energy E0 is mapped into an SO(1, 2)× SO(1, 1) primary state and one obtains all
the descendants (2.39) by acting with U on the particle states (2.36). Furthermore from
(2.41) we read the conformal weight and the Lorentz group representation of the primary
state U |(E0, s, J)〉. Indeed its eigenvalue with respect to the dilatation generator D is:
D0 = −E0 . (2.43)
and we find the following relation between the Casimir operators of SO(1, 2) and SO(3),
J2U = UL2 , J2 ≡ −J20 + J21 + J22 , (2.44)
which implies that
j = s . (2.45)
Hence under the action of U a particle state of energy E0 and spin s of the bulk is
mapped into a primary conformal field of conformal weight −E0 and Lorentz spin s on
the boundary. This discussion is visualized in fig.5
3 AdS4 and ∂AdS4 as cosets and their Killing vectors
In the previous section we studied Osp(N|4) and its representations in two different bases.
The form (2.27) of the superalgebra is that we used in [29] to construct the Osp(2|4)
supermultiplets from Kaluza Klein supergravity. It will be similarly used to obtain the
Osp(3|4) spectrum on X7 = N010. We translated these results in terms of the form (2.32)
of the Osp(N|4) algebra in order to allow a comparison with the three-dimensional CFT on
the boundary. In this section we introduce the announced description of the anti de Sitter
superspace and of its boundary in terms of supersolvable Lie algebra parametrization as
in eq.s(1.20),(1.21). It turns out that such a description is the most appropriate for a
comparative study between AdS4 and its boundary. We calculate the Killing vectors of
these two coset spaces since they are needed to determine the superfield multiplets living
on both AdS4 and ∂AdS4.
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Figure 5: The operator U = exp{ipi/√2(E − D)} rotates the Hilbert space of the physical
states. It takes states labeled by the Casimirs (E, s) of the SO(2) × SO(3) ⊂ Osp(N|4) into
states labeled by the Casimirs (D, j) of SO(1, 1) × SO(1, 2).
So we write both the bulk and the boundary superspaces as supercosets2,
G
H
, (3.1)
Applying supergroup elements g ∈ Osp(N|4) to the coset representatives L(y) these latter
transform as follows:
g L(y) = L(y′)h(g, y) , (3.2)
where h(y) is some element of H ⊂ Osp(N|4), named the compensator that, generically
depends both on g and on the coset point y ∈ G/H . For our purposes it is useful to
consider the infinitesimal form of (3.2), i.e. for infinitesimal g we can write:
g = 1 + ǫATA ,
h = 1 + ǫAWHA (y)TH ,
yµ′ = yµ + ǫAkµA(y) (3.3)
and we obtain:
TAL(y) = kAL(y) + L(y)THW
H
A (y) , (3.4)
kA ≡ kµA(y)
∂
∂yµ
(3.5)
2For an extensive explanation about supercosets we refer the reader to [44]. In the context of D = 11
and D = 10 compactifications see also [60]
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The shifts in the superspace coordinates y determined by the supergroup elements (see
eq.(3.2)) define the Killing vector fields (3.5) of the coset manifold.3
Let us now consider the solvable anti de Sitter superspace defined in eq.s (1.20),(1.21).
It describes a κ–gauge fixed supersymmetric extension of the bulk AdS4. As explained by
eq.(1.21) it is a supercoset (3.1) where G = Osp(N|4) and H = CSO(1, 2|N )× SO(N )
Using the non–compact basis (2.32), the subgroup H is given by,
HAdS = CSO(1, 2|N ) ≡ span
{
Jm, Km, s
i
α, T
ij
}
. (3.6)
A coset representative can be written as follows4:
LAdS(y) = exp
[
ρD + i x · P + θiqi
]
, y = (ρ, x, θ) . (3.7)
In AdS4|2N s-supersymmetry and K-symmetry have a non linear realization since the
corresponding generators are not part of the solvable superalgebra SsolvadS that is expo-
nentiated (see eq.(2.33).
The form of the Killing vectors simplifies considerably if we rewrite the coset repre-
sentative as a product of exponentials
L(y) = exp [i z · P ] · exp
[
ξiqi
]
· exp [ρD] (3.8)
This amounts to the following coordinate change:
z =
(
1− 1
2
ρ+ 1
6
ρ2 +O(ρ3)
)
x ,
ξi =
(
1− 1
4
ρ+ 1
24
ρ2 +O(ρ3)
)
θi . (3.9)
This is the parametrization that was used in [48] to get the Osp(8|4)-singleton action
from the supermembrane. For this choice of coordinates the anti de Sitter metric takes
the standard form (1.9). The Killing vectors are
→
k [Pm] = −i ∂m ,
→
k [q
αi] =
∂
∂ξiα
− 1
2
(
γmξi
)α
∂m ,
→
k [J
m] = εmpqzp∂q − i
2
(
ξiγm
)
α
∂
∂ξiα
,
→
k [D] =
∂
∂ρ
− z · ∂ − 1
2
ξiα
∂
∂ξiα
,
→
k [s
αi] = −ξαi ∂
∂ρ
+
1
2
ξαi z · ∂ + i
2
εpqm zp(γqξ
i)α∂m
−1
8
(ξjξj)(γmξi)α∂m − zm(γm)αβ ∂
∂ξiβ
− 1
4
(ξjξj)
∂
∂ξiα
+
1
2
ξαiξβj
∂
∂ξjβ
− 1
2
(γmξi)αξjβγm
∂
∂ξjβ
. (3.10)
3The Killing vectors satisfy the algebra with structure functions with opposite sign, see [44]
4We use the notation x · y ≡ xmym and θiqi ≡ θiαqαi.
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and for the compensators we find:
W [P ] = 0 ,
W [qαi] = 0 ,
W [Jm] = Jm ,
W [D] = 0 ,
W [sαi] = sαi − i
(
γmθi
)α
Jm + iθ
αj T ij . (3.11)
For a detailed derivation of these Killing vectors and compensators we refer the reader to
appendix A.
The boundary superspace ∂(AdS4|2N ) is formed by the points on the supercoset with
ρ = 0:
LCFT (y) = exp
[
i x · P + θiqi
]
(3.12)
In order to see how the supergroup acts on fields that live on this boundary we use the
fact that this submanifold is by itself a supercoset. Indeed instead of HAdS ⊂ Osp(N|4)
as given in (3.6), we can choose the larger subalgebra
HCFT = span
{
D, Jm, Km, s
i
α, T
ij
}
. (3.13)
and consider the new supercoset G/HCFT . By defintion also on this smaller space we have
a non linear realization of the full orthosymplectic superalgebra. For the Killing vectors
we find:
→
k [Pm] = −i ∂m ,
→
k [q
αi] =
∂
∂θiα
− 1
2
(
γmθi
)α
∂m ,
→
k [J
m] = εmpqxp∂q − i
2
(
θiγm
)
α
∂
∂θiα
,
→
k [D] = −x · ∂ − 1
2
θiα
∂
∂θiα
,
→
k [s
αi] =
1
2
θαi x · ∂ + i
2
εpqm xp(γqθ
i)α∂m − 1
8
(θjθj)(γmθi)α∂m
−xm(γm)αβ ∂
∂θiβ
− 1
4
(θjθj)
∂
∂θiα
+
1
2
θαiθβj
∂
∂θjβ
− 1
2
(γmθi)αθjβγm
∂
∂θjβ
.
(3.14)
and for the compensators we have:
W [Pm] = 0 ,
W [qαi] = 0 ,
W [Jm] = Jm ,
W [D] = D ,
W [sαi] = −θαiD + sαi − i
(
γmθi
)α
Jm + iθ
jT ij . (3.15)
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If we compare the Killing vectors on the boundary (3.14) with those on the bulk (3.10) we
see that they are very similar. The only formal difference is the suppression of the ∂
∂ρ
terms.
The conceptual difference, however, is relevant. On the boundary the transformations
generated by (3.14) are the standard superconformal transformations in three–dimensional
(compactified) Minkowski space. In the bulk the transformations generated by (3.10) are
superisometries of anti de Sitter superspace. They might be written in completely different
but equivalent forms if we used other coordinate frames. The form they have is due to
the use of the solvable coordinate frame (ρ, z, ξ) which is the most appropriate to study
the restriction of bulk supermultiplets to the boundary. For more details on this point we
refer the reader to appendix A
4 Osp(2|4) superfields in the bulk and on the bound-
ary
As we explained in the introduction our main goal is the determination of the N = 2
three dimensional gauge theories associated with the sasakian horizons (1.15) and the
comparison between Kaluza Klein spectra of M–theory compactified on AdS4 times such
horizons with the spectrum of primary conformal superfields of the corresponding gauge
theory. For this reason we mainly focus on the case of Osp(2|4) supermultiplets. As
already stressed the structure of such supermultiplets has been determined in Kaluza
Klein language in [17, 29]. Hence they have been obtained in the basis (2.27) of the
orthosymplectic superalgebra. Here we consider their translation into the superconformal
language provided by the other basis (2.32). In this way we will construct a boundary
superfield associated with each particle supermultiplet of the bulk. The components
of the supermultiplet are Kaluza Klein states: it follows that we obtain a one–to–one
correspondence between Kaluza Klein states and components of the boundary superfield.
4.1 Conformal Osp(2|4) superfields: general discussion
So let us restrict our attention to N =2. In this case the SO(2) group has just one
generator that we name the hypercharge:
Y ≡ T 21 . (4.1)
Since it is convenient to work with eigenstates of the hypercharge operator, we reorganize
the two Grassman spinor coordinates of superspace in complex combinations:
θ±α =
1√
2
(θ1α ± iθ2α) , Y θ±α = ±θ±α (4.2)
In this new notations the Killing vectors generating q–supersymmetries on the boundary
(see eq.(3.14)) take the form:
~k
[
qαi
]
−→ qα± = ∂
∂θ∓α
− 1
2
(γm)αβθ
β±∂m , (4.3)
A generic superfield is a function Φ(x, θ) of the bosonic coordinates x and of all the
θ.s Expanding such a field in power series of the θ.s we obtain a multiplet of x–space
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fields that, under the action of the Killing vector (4.3), form a representation of Poincare´
supersymmetry. Such a representation can be shortened by imposing on the superfield
Φ(x, θ) constraints that are invariant with respect to the action of the Killing vectors
(4.3). This is possible because of the existence of the so called superderivatives, namely
of fermionic vector fields that commute with the supersymmetry Killing vectors. In our
notations the superderivatives are defined as follows:
Dα± = ∂
∂θ∓α
+ 1
2
(γm)αβθ
β±∂m , (4.4)
and satisfy the required property
{Dα±, qβ±} = {Dα±, qβ∓} = 0 . (4.5)
As explained in [44] the existence of superderivatives is the manifestation at the fermionic
level of a general property of coset manifolds. For G/H the true isometry algebra is
not G, rather it is G × N(H)G where N(H)G denotes the normalizer of the stability
subalgebra H . The additional isometries are generated by right–invariant rather than
left–invariant vector fields that as such commute with the left–invariant ones. If we
agree that the Killing vectors are left–invariant vector fields than the superderivatives are
right–invariant ones and generate the additional superisometries of Poincare´ superspace.
Shortened representations of Poincare´ supersymmetry are superfields with a prescribed
behaviour under the additional superisometries: for instance they may be invariant under
such transformations. We can formulate these shortening conditions by writing constraints
such as
Dα+Φ(x, θ) = 0 . (4.6)
The key point in our discussion is that a constraint of type (4.6) is guaranteed from
eq.s (4.5) to be invariant with respect to the superPoincare´ algebra, yet it is not a priori
guaranteed that it is invariant under the action of the full superconformal algebra (3.14).
Investigating the additional conditions that make a constraint such as (4.6) superconfor-
mal invariant is the main goal of the present section. This is the main tool that allows a
transcription of the Kaluza–Klein results for supermultiplets into a superconformal lan-
guage.
To develop such a programme it is useful to perform a further coordinate change that
is quite traditional in superspace literature. Given the coordinates x on the boundary (or
the coordinates z for the bulk) we set:
ym = xm + 1
2
θ+γmθ− . (4.7)
Then the superderivatives become
Dα+ = ∂
∂θ−α
,
Dα− = ∂
∂θ+α
+ (γm)αβθ
β−∂m . (4.8)
It is our aim to describe superfield multiplets both on the bulk and on the boundary. It
is clear that one can do the same redefinitions for the Killing vector of q-supersymmetry
(4.3) and that one can introduce superderivatives also for the theory on the bulk. In
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that case one inserts the functions t(ρ) and γ(ρ) in the above formulas or if one uses the
solvable coordinates (ρ, z, ξ) as in (3.9) then there is just no difference with the boundary
case.
So let us finally turn to superfields. We begin by focusing on boundary superfields
since their treatment is slightly easier than the treatment of bulk superfields.
Definition 4.1 A primary superfield is defined as follows (see [37, 47]),
Φ∂AdS(x, θ) = exp
[
i x · P + θiqi
]
Φ(0) , (4.9)
where Φ(0) is a primary state (see eq.(2.37))
siαΦ(0) = 0 ,
KmΦ(0) = 0 . (4.10)
of scaling weight D0, hypercharge y0 and eigenvalue j for the “third-component” operator
J2
DΦ(0) = D0Φ(0) ; Y Φ(0) = y0Φ(0) ; J2Φ(0) = j Φ(0) (4.11)
From the above defintion one sees that the primary superfield Φ∂AdS(x, θ) is actually
obtained by acting with the coset representative (3.12) on the SO(1, 2)×SO(1, 1)-primary
state. Hence we know how it transforms under the infinitesimal transformations of the
group Osp(2|4). Indeed one simply uses (3.4) to obtain the result. For example under
dilatation we have:
DΦ∂AdS(x, θ) =
(
−x · ∂ − 1
2
θi
∂
∂θi
+D0
)
Φ(x, θ), (4.12)
where the term D0 comes from the compensator in (3.15). Of particular interest is the
transformation under special supersymmetry since it imposes the constraints for shorten-
ing,
s±Φ∂AdS(x, θ) =
→
k [s
±]Φ(x, θ) + ei x·P+θ
iqi
(
−θ±D − i γmθ± Jm + s± ± θ±Y
)
Φ(0) . (4.13)
For completeness we give the form of s± in the y-basis where it gets a relatively concise
form,
→
k [s
α−] = − (y · γ)α β ∂
∂θ+β
+
1
2
(
θ−θ−
) ∂
∂θ−α
→
k [s
α+] = θα+y · ∂ + i εpqmyp
(
γpθ
+
)α
∂m +
1
2
(
θ+θ+
) ∂
∂θ+α
+θ+γmθ− (γm)
α
β
∂
∂θ−β
, (4.14)
Let us now turn to a direct discussion of multiplet shortening and consider the super-
conformal invariance of Poincare´ constraints constructed with the superderivatives Dα±.
The simplest example is provided by the chiral supermultiplet. By definition this is a
scalar superfield Φchiral(y, θ) obeying the constraint (4.6) which is solved by boosting only
along q− and not along q+:
Φchiral(y, θ) = e
i y·P+θ+q−Φ(0), (4.15)
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Hence we have
Φchiral(ρ, y, θ) = X(ρ, y) + θ
+λ(ρ, y) + θ+θ+H(ρ, y) (4.16)
on the bulk or
Φchiral(y, θ) = X(y) + θ
+λ(y) + θ+θ+H(y) (4.17)
on the boundary. The field components of the chiral multiplet are:
X = ei y·P Φ(0) , λ = i ei y·P q−Φ(0) , H = −1
4
ei y·P q−q−φ(0) . (4.18)
For completeness, we write the superfield Φ also in the x-basis5,
Φ(x) = X(x) + θ+λ(x) + (θ+θ+)H(x) + 1
2
θ+γmθ−∂mX(x)
+1
4
(θ+θ+)θ−∂/λ(x) + 1
16
(θ+θ+)(θ−θ−)✷X(x)
= exp
(
1
2
θ+γmθ−∂m
)
Φ(y) . (4.19)
Because of (4.5), we are guaranteed that under q–supersymmetry the chiral superfield
Φchiral transforms into a chiral superfield. We should verify that this is true also for s–
supersymmetry. To say it simply we just have to check that s−Φchiral does not depend
on θ−. This is not generically true, but it becomes true if certain extra conditions on the
quantum numbers of the primary state are satisfied. Such conditions are the same one
obtains as multiplet shortening conditions when constructing the UIR.s of the superalge-
bra with the norm method of Freedman and Nicolai [16] or with the oscillator method of
Gu¨naydin and collaborators [26, 25, 36, 37] 6.
In the specific instance of the chiral multiplet, looking at (4.13) and (4.14) we see that
in s−Φchiral the terms depending on θ− are the following ones:
s−Φ
∣∣∣
θ−
= − (D0 + y0) θ−Φ = 0 , (4.20)
they cancel if
D0 = −y0 . (4.21)
Eq.(4.21) is easily recognized as the unitarity condition for the existence of Osp(2|4)
hypermultiplets (see [17, 29]). The algebra (A.11) ensures that the chiral multiplet also
transforms into a chiral multiplet under Km. Moreover we know that the action of the
compensators of Km on the chiral multiplet is zero. Furthermore, the compensators of
the generators Pm, q
i, Jm on the chiral multiplet are zero and from (3.4) we conclude that
their generators act on the chiral multiplet as the Killing vectors.
Notice that the linear part of the s-supersymmetry transformation on the chiral mul-
tiplet has the same form of the q-supersymmetry but with the parameter taken to be
ǫq = −i y · γǫs. As already stated the non-linear form of s-supersymmetry is the conse-
quence of its gauge fixing which we have implicitly imposed from the start by choosing
the supersolvable Lie algebra parametrization of superspace and by taking the coset rep-
resentatives as in (3.7) and (3.12). 7 In addition to the chiral multiplet there exists also
the complex conjugate antichiral multiplet Φ¯chiral = Φantichiral with opposite hypercharge
and the relation D0 = y0.
5where ✷ = ∂m∂m .
6We are particularly grateful to S. Ferrara for explaining to us this general idea that, extended from
the case of AdS5/CFT4 to the case AdS4/CFT3, has been an essential guiding line in the development
of the present work
7 Just as a comment we recall that the standard way of gauge fixing special supersymmetry in a
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4.2 Matching the Kaluza Klein results for Osp(2|4) supermulti-
plets with boundary conformal superfields
It is now our purpose to reformulate the N = 2 multiplets found in Kaluza Klein su-
pergravity [29] in terms of superfields living on the boundary of the AdS4 space–time
manifold. This is the key step to convert information coming from classical harmonic
analysis on the compact manifold X7 into predictions on the spectrum of conformal pri-
mary operators present in the three–dimensional gauge theory of the M2–brane. Although
the results obtained in [29] refer to a specific case, the structure of the multiplets is general
and applies to all N = 2 compactifications, namely to all sasakian horizons X7. Similarly
general are the recipes discussed in the present section to convert Kaluza–Klein data into
boundary superfields.
As shown in [29] there are three types of long multiplets with the following bulk spin
content:
1. The long graviton multiplet
(
1 (2) , 4
(
3
2
)
, 6 (1) , 4
(
1
2
)
, 1 (0)
)
2. The long gravitino multiplet
(
1
(
3
2
)
, 4 (1) , 6
(
1
2
)
, 4 (0)
)
3. The long vector multiplets
(
1 (1) , 4
(
1
2
)
, 5 (0)
)
and four types of short multiplets with the following bulk spin content:
1. the short graviton multiplet
(
1 (2) , 3
(
3
2
)
, 3 (1) , 1
(
1
2
))
2. the short gravitino multiplet
(
1
(
3
2
)
, 3 (1) , 3
(
1
2
)
, 1 (0)
)
3. the short vector multiplet
(
1 (1) , 3
(
1
2
)
, 3 (0)
)
4. the hypermultiplet
(
2
(
1
2
)
, 4 (0)
)
Finally there are the ultrashort multiplets corresponding to the massless multiplets
available in N = 2 supergravity and having the following bulk spin content:
1. the massless graviton multiplet
(
1 (2) , 2
(
3
2
)
, 1 (1)
)
2. the massless vector multiplet
(
1 (1) , 2
(
1
2
)
, 2 (0)
)
Interpreted as superfields on the boundary the long multiplets correspond to unconstrained
superfields and their discussion is quite straightforward. We are mostly interested in short
multiplets that correspond to composite operators of the microscopic gauge theory with
protected scaling dimensions. In superfield language, as we have shown in the previous
section, short multiplets are constrained superfields.
superconformal theory is to impose a gauge-fixing condition and then modify q-supersymmetry by means
of a decomposition rule, i.e. adding to it special supersymmetry with specific parameters that depend
on the supersymmetry parameters, such that the gauge-fixing condition becomes invariant under the
modified supersymmetry. In our case we still have the standard form of q-supersymmetry but upon
gauge fixing s-supersymmetry has become non-linear. The fact that s-supersymmetry partly resembles q-
supersymmetry comes from the fact that it can be seen as a q-like supersymmetry with its own superspace
coordinates, which upon gauge fixing have become dependent on the θ-coordinates.
24
Just as on the boundary, also in the bulk, we obtain such constraints by means of the
bulk superderivatives. In order to show how this works we begin by discussing the chiral
superfield in the bulk and then show how it is obtained from the hypermultiplet found in
Kaluza Klein theory [29].
4.2.1 Chiral superfields are the Hypermultiplets: the basic example
The treatment for the bulk chiral field is completely analogous to that of chiral superfield
on the boundary.
Generically bulk superfields are given by:
ΦAdS(ρ, x, θ) = exp
[
ρD + i x · P + θiqi
]
Φ(0) , (4.22)
Using the parametrization (3.9) we can rewrite (4.22) in the following way:
ΦAdS(ρ, z, ξ) = exp
[
i z · P + ξiqi
]
· exp [ρD0] Φ(0) . (4.23)
Then the generator D acts on this field as follows:
DΦAdS(ρ, z, ξ) =
(
−z · ∂ − 1
2
ξi
∂
∂ξi
+D0
)
ΦAdS(ρ, z, ξ) . (4.24)
Just as for boundary chiral superfields, also in the bulk we find that the constraint (4.6)
is invariant under the s-supersymmetry rule (3.10) if and only if:
D0 = −y0 (4.25)
Furthermore, looking at (4.23) one sees that for the bulk superfields D0 = 0 is forbidden.
This constraint on the scaling dimension together with the relation E0 = −D0, coincides
with the constraint:
E0 = |y0| (4.26)
defining the Osp(2|4) hypermultiplet UIR of Osp(2|4) constructed with the norm method
and in the formulation (2.27) of the superalgebra (see [17, 29]). The transformation of
the bulk chiral superfield under s, Pm, q
i, Jm is simply given by the bulk Killing vectors.
In particular the form of the s-supersymmetry Killing vector coincides with that given in
(4.14) for the boundary.
As we saw a chiral superfield in the bulk describes an Osp(2|4) hypermultiplet. To
see this explicitly it suffices to look at the following table8
Spin Particle states Name
1
2
a¯−|E0 = y0, y0〉 λL
0 a¯−a¯−|E0 = y0, y0〉 π
0 |E0 = y0, y0〉 S
1
2
a¯+|E0 = y0,−y0〉 λL
0 a¯+a¯+|E0 = y0,−y0〉 π
0 |E0 = y0,−y0〉 S
(4.27)
8The hypercharge y0 in the table is chosen to be positive.
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where we have collected the particle states forming a hypermultiplet as it appears in
Kaluza Klein supergravity on AdS4 × X7, whenever X7 is sasakian. The names of the
fields are the standard ones introduced in [15] for the linearization of D=11 supergravity
on AdS4 ×X7 and used in [17, 29]. Applying the rotation matrix U of eq. (2.40) to the
states in the upper part of this table we indeed find the field components (4.18) of the
chiral supermultiplet.
Having clarified how to obtain the four-dimensional chiral superfield from the Osp(2|4)
hypermultiplet we can now obtain the other shortened Osp(2|4) superfields from the
information that was obtained in [29]. In [29] all the field components of the Osp(2|4)
multiplets were listed together with their spins s0, energy E0 and their hypercharge y0.
This is sufficient to reconstruct the particle states of the multiplets which are given by the
states (2.34). Indeed the energy determines the number of energy boosts that are applied
to the vacuum in order to get the state. The hypercharge determines the number of a¯+
and/or a¯− present. Finally s0 tells us what spin we should get. In practice this means
that we always have to take the symmetrization of the spinor indices, since (α1 . . . αn)
yields a spin-n
2
representation. Following [17] we ignore the unitary representations of
SO(3, 2) that are built by the energy boosts M+i and we just list the ground states for
each UIR of SO(2, 3) into which the UIR of Osp(2|4) decomposes.
4.2.2 Superfield description of the short vector multiplet
Let us start with the short massive vector multiplet. From [29] we know that the constraint
for shortening is
E0 = |y0|+ 1 (4.28)
and that the particle states of the multiplet are given by,9
Spin Particle states Name
1 (a¯−τ ia¯+)|E0 = y0 + 1, y0〉 A
1
2
(a¯−a¯−)a¯+|y0 + 1, y0〉 λT
1
2
a¯+|y0 + 1, y0〉 λL
1
2
a¯−|y0 + 1, y0〉 λL
0 (a¯−a¯−)|y0 + 1, y0〉 π
0 (a¯+a¯−)|y0 + 1, y0〉 π
0 |y0 + 1, y0〉 S
1 (a¯+τ ia¯−)|E0 = y0 + 1,−y0〉 A
1
2
(a¯+a¯+)a¯−|y0 + 1,−y0〉 λT
1
2
a¯−|y0 + 1,−y0〉 λL
1
2
a¯+|y0 + 1,−y0〉 λL
0 (a¯+a¯+)|y0 + 1,−y0〉 π
0 (a¯+a¯−)|y0 + 1,−y0〉 π
0 |y0 + 1,−y0〉 S
(4.29)
9The hypercharge y0 in the table is chosen to be positive.
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where we have multiplied the symmetrized product a¯+α a¯
−
β with the τ -matrices in order to
single out the SO(3) vector index i that labels the on–shell states of the d = 4 massive
vector field. Applying the rotation matrix U to the states in the upper part of table (4.29)
we find the following states:
S = |vac〉 , λ±L = i q±|vac〉 , π−− = −14 q−q−|vac〉 , etc . . . (4.30)
where we used the same notation for the rotated as for the original states and up to an
irrelevant factor 1
4
. We follow the same procedure also for the other short and massless
multiplets. Namely in the superfield transcription of our multiplets we use the same
names for the superspace field components as for the particle fields appearing in the
SO(3)×SO(2) basis. Moreover when convenient we rescale some field components without
mentioning it explicitly. The list of states appearing in (4.30) are the components of a
superfield
Φvector = S + θ
−λ+L + θ
+λ−L + θ
+θ−π0 + θ+θ+π−− + θ+A/θ− + θ+θ+ θ−λ−T ,
(4.31)
which is the explicit solution of the following constraint
D+D+Φvector = 0 . (4.32)
imposed on a superfield of the form (4.22) with hypercharge y0.
In superspace literature a superfield of type (4.31) is named a linear superfield. If we
consider the variation of a linear superfield with respect to s−, such variation contains, a
priori, a term of the form
s−Φvector
∣∣∣
θ−θ−
= 1
2
(D0 + y0 + 1) (θ
−θ−)λ+L , (4.33)
which has to cancel if Φvector is to transform into a linear multiplet under s
−. Hence the
following condition has to be imposed
D0 = −y0 − 1 . (4.34)
which is identical with the bound for the vector multiplet shortening E0 = y0 + 1 found
in [17, 29].
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4.2.3 Superfield description of the short gravitino multiplet
Let us consider the short gravitino multiplets found in [29]. The particle state content of
these multiplet is given below10:
Spin Particle states Name
3
2
a¯−(αa¯
+
β |E0 = y0 + 32 , s0 = 12 , y0〉γ) χ(+)
1 (a¯−a¯−)a¯+τ i|y0 + 32 , 12 , y0〉 Z
1 a¯+τ i|y0 + 32 , 12 , y0〉 A
1 a¯−τ i|y0 + 32 , 12 , y0〉 A
1
2
(a¯−a¯−)|y0 + 32 , 12 , y0〉 λT
1
2
(3 a¯−a¯+ + a¯−τ ia¯+ τi)|y0 + 32 , 12 , y0〉 λT
1
2
|y0 + 32 , 12 , y0〉 λL
0 a¯−|y0 + 32 , 12 , y0〉 φ
3
2
a¯+(αa¯
−
β |E0 = y0 + 32 , s0 = 12 ,−y0〉γ), χ(+)
1 (a¯+a¯+)a¯−τ i|y0 + 32 , 12 ,−y0〉 Z
1 a¯−τ i|y0 + 32 , 12 ,−y0〉 A
1 a¯+τ i|y0 + 32 , 12 ,−y0〉 A
1
2
(a¯+a¯+)|y0 + 32 , 12 ,−y0〉 λT
1
2
(3 a¯+a¯− + a¯+τ ia¯− τi)|y0 + 32 , 12 ,−y0〉 λT
1
2
|y0 + 32 , 12 ,−y0〉 λL
0 a¯+|y0 + 32 , 12 ,−y0〉 φ
(4.35)
Applying the rotation matrix U (2.40) to the upper part of table (4.35), and identifying
the particle states with the corresponding rotated field states as we have done in the
previous cases, we find the following spinorial superfield
Φgravitino = λL + A
+/ θ− + A−/ θ+ + φ−θ+ + 3 (θ+θ−)λ+−T − (θ+γmθ−)γmλ+−T
+(θ+θ+)λ−−T + (θ
+γmθ−)χ(+)m + (θ
+θ+)Z−/ θ− , (4.36)
where the vector–spinor field χm is expressed in terms of the spin-3
2
field with symmetrized
spinor indices in the following way
χ(+)mα = (γm)βγ χ
(+)(αβγ) (4.37)
and where, as usual, A+/ = γmAm.
The superfield Φgravitino is linear in the sense that it does not depend on the monomial
θ−θ−, but to be precise it is a spinorial superfield (4.22) with hypercharge y0 that fulfils
the stronger constraint
D+αΦαgravitino = 0 . (4.38)
The generic linear spinor superfield contains, in its expansion, also terms of the form
ϕ+θ− and (θ+θ+)ϕ−θ−, where ϕ+ and ϕ− are scalar fields and a term (θ+γmθ−)χm where
10The hypercharge y0 in the table is chosen to be positive.
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the spinor-vector χm is not an irreducible
3
2
representation since it cannot be written as
in (4.37).
Explicitly we have:
Φαlinear = λL + A
+/ θ− + A−/ θ+ + φ−θ+ + ϕ+θ− + 3 (θ+θ−)λ+−T + (θ
+θ+)λ−−T
+(θ+γmθ−)χm + (θ+θ+)Z−/ θ− + (θ+θ+)ϕ−θ− , (4.39)
The field component χαm in a generic unconstrained spinor superfield can be decomposed
in a spin-1
2
component and a spin-3
2
component according to,
× = + (4.40)
where m = . Then the constraint (4.38) eliminates the scalars ϕ± and eliminates the
-component of χ in terms of λ+−T . From
s−β Φ
α
gravitino
∣∣∣
θ−θ−
= 1
2
(
−D0 − y0 − 32
)
(θ−θ−)(A+/ )βα (4.41)
we conclude that the constraint (4.38) is superconformal invariant if and only if
D0 = −y0 − 32 . (4.42)
Once again we have retrieved the shortening condition already known in the SO(3)×
SO(2) basis: E0 = |y0|+ 32
4.2.4 Superfield description of the short graviton multiplet
For the massive short graviton multiplet we have the following states
Spin Particle states Name
2 a¯−(αa¯
+
β |E0 = y0 + 2, s0 = 1, y0〉γδ) h
3
2
(a¯−a¯−)a¯+(α|y0 + 2, 1, y0〉βγ) χ(−)
3
2
a¯+(α|y0 + 2, 1, y0〉βγ) χ(+)
3
2
a¯−(α|y0 + 2, 1, y0〉βγ) χ(+)
1 (a¯−a¯−)|y0 + 2, 1, y0〉 Z
1 (a¯+a¯−)|y0 + 2, 1, y0〉 Z
1 |E0 = y0 + 2, 1, y0〉 A
1
2
a¯−τ · |E0 = y0 + 2, 1, y0〉 λT
2 a¯−(αa¯
+
β |E0 = y0 + 2, s0 = 1,−y0〉γδ) h
3
2
(a¯+a¯+)a¯−(α|y0 + 2, 1,−y0〉βγ) χ(−)
3
2
a¯−(α|y0 + 2, 1,−y0〉βγ) χ(+)
3
2
a¯+(α|y0 + 2, 1,−y0〉βγ) χ(+)
1 (a¯+a¯+)|y0 + 2, 1,−y0〉 Z
1 (a¯+a¯−)|y0 + 2, 1,−y0〉 Z
1 |E0 = y0 + 2, 1,−y0〉 A
1
2
a¯+τ · |E0 = y0 + 2, 1,−y0〉 λT
(4.43)
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Applying the rotation U (2.40) to the upper part of the above table, and identifying the
particle states with the corresponding boundary fields, as we have done so far, we derive
the short graviton superfield:
Φmgraviton = A
m + θ+γmλ−T + θ
−χ(+)+m + θ+χ(+)−m
+(θ+θ−)Z+−m + i
2
εmnp (θ+γnθ
−)Z+−p + (θ
+θ+)Z−−m
+(θ+γnθ
−) hmn + (θ+θ+) θ−χ(−)−m , (4.44)
where
χ(+)±mα = (γm)βγ χ
(+)±(αβγ) ,
χ(−)−mα = (γm)βγ χ
(−)−(αβγ) ,
hmm = 0 , (4.45)
This superfield satisfies the following constraint,
D+αΦαβgraviton = 0 , (4.46)
where we have defined:
Φαβ = (γm)
αβ Φm (4.47)
Furthermore we check that s−Φmgraviton is still a short graviton superfield if and only if:
D0 = −y0 − 2 . (4.48)
corresponding to the known unitarity bound [17, 29]:
E0 = |y0|+ 2 (4.49)
4.2.5 Superfield description of the massless vector multiplet
Considering now ultrashort multiplets we focus on the massless vector multiplet containing
the following bulk particle states:
Spin Particle states Name
1 a¯−1 a¯
+
1 |E0 = 1, s0 = 0, y0 = 0〉 , a¯−2 a¯+2 |E0 = 1, s0 = 0, y0 = 0〉 A
1
2
a¯+|1, 0, 0〉 λL
1
2
a¯−|1, 0, 0〉 λL
0 a¯−a¯+|1, 0, 0〉 π
0 |1, 0, 0〉 S
(4.50)
where the gauge field A has only two helicity states 1 and −1. Applying the rotation U
(2.40) we get,
V = S + θ+λ−L + θ
−λ+L + (θ
+θ−) π + θ+A/θ− . (4.51)
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This multiplet can be obtained by a real superfield
V = S + θ+λ−L + θ
−λ+L + (θ
+θ−) π + θ+A/θ−
+(θ+θ+)M−− + (θ−θ−)M++
+(θ+θ+) θ−µ− + (θ−θ−) θ+µ+
+(θ+θ+)(θ−θ−)F ,
V † = V (4.52)
that transforms as follows under a gauge transformation11 ,
V → V + Λ + Λ† , (4.53)
where Λ is a chiral superfield of the form (4.19). In components this reads,
S → S +X +X∗ ,
λ−L → λ−L + λ ,
π → π ,
Am → Am + 12 ∂m (X −X∗) ,
M−− → M−− +H ,
µ− → µ− + 1
4
∂/λ ,
F → F + 1
16
✷X , (4.54)
which may be used to gauge fix the real multiplet in the following way,
M−− =M++ = µ− = µ+ = F = 0 , (4.55)
to obtain (4.51). For the scaling weight D0 of the massless vector multiplet we find −1.
Indeed this follows from the fact that Λ is a chiral superfield with y0 = 0, D0 = 0. Which
is also in agreement with E0 = 1 known from [17, 29].
4.2.6 Superfield description of the massless graviton multiplet
The massless graviton multiplet is composed of the following bulk particle states:
Spin Particle states Name
2 a¯−τ (ia¯+|E0 = 2, s0 = 1, y0 = 0〉j) h
3
2
a¯+|2, 1, 0〉i χ(+)
3
2
a¯−|2, 1, 0〉i χ(+)
1 |2, 1, 0〉i A
(4.56)
from which, with the usual procedure we obtain
gm = Am + θ
+χ(+)−m + θ
−χ(+)+m + θ
+γnθ− hmn . (4.57)
11The vector component transforms under a SU(2) or a SU(3) gauge transformation in the case of [29].
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Figure 6: Conformal superfields are composite operators in the gauge theory
Similarly as for the vector multiplet we may write this multiplet as a gauge fixed mul-
tiplet with local gauge symmetries that include local coordinate transformations, local
supersymmetry and local SO(2), in other words full supergravity. However this is not the
goal of our work where we prepare to interprete the bulk gauge fields as composite states
in the boundary conformal field theory..
This completes the treatment of the short Osp(2|4) multiplets of [29]. We have found
that all of them are linear multiplets with the extra constraint that they have to transform
into superfields of the same type under s-supersymmetry. Such constraint is identical
with the shortening conditions found in the other constructions of unitary irreducible
representations of the orthosymplectic superalgebra.
5 N = 2, d = 3 gauge theories and their rheonomic
construction
Next, as announced in the introduction, we turn to consider gauge theories in three space–
time dimensions with N = 2 supersymmetry. From the view point of the AdS4/CFT3
correspondence these gauge theories, whose elementary fields we collectively denote φi(x),
are microscopic field theories living on the M2 brane world volume such that suitable
composite operators (see also fig.6):
O(x) = φi1(x, ) . . . φin(x)ci1...in (5.1)
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can be identified with the components of the conformal superfields described in the
previous section and matching the Kaluza Klein classical spectrum.
According to the specific horizon X7, the world volume gauge group is of the form:
GWVgauge = U(k1N)
ℓ1 × . . . × U(knN)ℓn (5.2)
where ki and ℓi are integer number and where the correspondence is true in the large
N →∞ limit. Indeed N is to be identified with the number of M2 branes in the stack.
In addition the gauge theory has a flavor group which coincides with the gauge group
of Kaluza Klein supergravity, namely with the isometry group of the X7 horizon:
GWVflavor = G
bulk
KK = isometry(X
7) (5.3)
Since our goal is to study the general features of the AdS4/CFT3 correspondence, rather
than specific cases, we concentrate on the construction of a generic N = 2 gauge theory
with an arbitrary gauge group and an arbitrary number of chiral multiplets in generic
interaction. We are mostly interested in the final formulae for the scalar potential and
on the restrictions that guarantee an enlargement of supersymmetry to N = 4 or N = 8,
but we provide a complete construction of the lagrangian and of the supersymmetry
transformation rules. To this effect we utilize the time honored method of rheonomy
[44, 45, 46] that yields the the result for the lagrangian and the supersymmetry rules in
component form avoiding the too much implicit notation of superfield formulation. The
first step in the rheonomic construction of a rigid supersymmetric theory involves writing
the structural equations of rigid superspace.
5.1 N = 2, d = 3 rigid superspace
The d=3, N –extended superspace is viewed as the supercoset space:
MN3 =
ISO(1, 2|N )
SO(1, 2)
≡ Z [ISO(1, 2|N )]
SO(1, 2)× IRN (N−1)/2 (5.4)
where ISO(1, 2|N ) is the N –extended Poincare´ superalgebra in three–dimensions. It
is the subalgebra of Osp(N|4) (see eq. (2.32)) spanned by the generators Jm, Pm, qi.
The central extension Z [ISO(1, 2|N )] which is not contained in Osp(N|4) is obtained
by adjoining to ISO(1, 2|N ) the central charges that generate the subalgebra IRN (N−1)/2.
Specializing our analysis to the case N=2, we can define the new generators:
Q =
√
2q− = (q1 − iq2)
Qc =
√
2iq+ = i(q1 + iq2)
Z = Z12
(5.5)
The left invariant one–form Ω on MN3 is:
Ω = iV mPm − iωmnJmn + iψcQ− iψQc + iBZ . (5.6)
The superalgebra (2.32) defines all the structure constants apart from those relative to
the central charge that are trivially determined. Hence we can write:
dΩ− Ω ∧ Ω =
(
dV m − ωmn ∧ V n + iψ ∧ γmψ + iψc ∧ γmψc
)
Pm
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−1
2
i
(
dωmn − ωmp ∧ ωpn
)
Jmn
+
(
dψ
c
+ 1
2
ωmn ∧ ψcγmn
)
Q
+
(
dψ − 1
2
ωmn ∧ ψγmn
)
Qc
+i
(
dB + iψc ∧ ψc − iψ ∧ ψ
)
Z (5.7)
Imposing the Maurer-Cartan equation dΩ− Ω ∧ Ω = 0 is equivalent to imposing flatness
in superspace, i.e. global supersymmetry. So we have
dV m − ωmn ∧ V n = −iψc ∧ γmψc − iψ ∧ γmψ
dωmn = ωmp ∧ ωpn
dψ
c
= −1
2
ωmn ∧ ψcγmn
dψ = 1
2
ωmn ∧ ψγmn
dB = −iψc ∧ ψc + iψ ∧ ψ
(5.8)
The simplest solution for the supervielbein and connection is:
V m = dxm − iθcγmdθc − iθγmdθ
ωmn = 0
ψ = dθ
ψc = dθc
B = −iθc dθc + iθ dθ
(5.9)
The superderivatives discussed in the previous sections (compare with (4.4)),
Dm = ∂m
D = ∂
∂θ
− iγmθ∂m
Dc = ∂
∂θ
c − iγmθc∂m
, (5.10)
are the vectors dual to these one–forms.
5.2 Rheonomic construction of the N = 2, d = 3, lagrangian
As stated we are interested in the generic form of N = 2, d = 3 super Yang Mills theory
coupled to n chiral multiplets arranged into a generic representation R of the gauge group
G.
In N = 2, d = 3 supersymmetric theories, two formulations are allowed: the on–shell
and the off–shell one. In the on–shell formulation which contains only the physical fields,
the supersymmetry transformations rules close the supersymmetry algebra only upon use
of the field equations. On the other hand the off–shell formulation contains further aux-
iliary, non dynamical fields that make it possible for the supersymmetry transformations
rules to close the supersymmetry algebra identically. By solving the field equations of
the auxiliary fields these latter can be eliminated and the on–shell formulation can be
retrieved. We adopt the off–shell formulation.
5.2.1 The gauge multiplet
The three–dimensional N = 2 vector multiplet contains the following Lie-algebra valued
fields:
(A, λ, λc,M, P ) , (5.11)
34
where A = AItI is the real gauge connection one–form, λ and λc are two complex Dirac
spinors (the gauginos), M and P are real scalars; P is an auxiliary field.
The field strength is:
F = dA+ iA ∧A . (5.12)
The covariant derivative on the other fields of the gauge multiplets is defined as:
∇X = dX + i [A, X ] . (5.13)
From (5.12) and (5.13) we obtain the Bianchi identity:
∇2X = i [F,X ] . (5.14)
The rheonomic parametrization of the curvatures is given by:
F = FmnV
mV n − iψcγmλV m − iψγmλcV m + iM
(
ψψ − ψcψc
)
∇λ = V m∇mλ+∇/Mψc − Fmnγmnψc + iPψc
∇λc = V m∇mλc −∇/Mψ − Fmnγmnψ − iPψ
∇M = V m∇mM + iψλc − iψcλ
∇P = V m∇mP + ψ∇/λc − ψc∇/λ− iψ [λc,M ]− iψc [λ,M ]
(5.15)
and we also have:
∇Fmn = V p∇pFmn + iψcγ[m∇n]λ+ iψγ[m∇n]λc
∇∇mM = V n∇n∇mM + iψ∇mλc − iψc∇mλ+ ψcγm [λ,M ] + ψγm [λc,M ]
∇∇mλ = V n∇n∇mλ+∇m∇nMγnψc −∇mFnpγnpψc
+i∇mPψc + ψγm [λc, λ]
∇[pFmn] = 0
∇[m∇n]M = i [Fmn,M ]
∇[m∇n]λ = i [Fmn, λ]
(5.16)
The off–shell formulation of the theory contains an arbitrariness in the choice of the
functional dependence of the auxiliary fields on the physical fields. Consistency with the
Bianchi identities forces the generic expression of P as a function of M to be:
P I = 2αM I + ζ I˜C I
I˜
, (5.17)
where α, ζ I˜ are arbitrary real parameters and C I
I˜
is the projector on the center of Z[G] of
the gauge Lie algebra. The terms in the lagrangian proportional to α and ζ are separately
supersymmetric. In the bosonic lagrangian, the part proportional to α is a Chern Simons
term, while the part proportional to ζ constitutes the Fayet Iliopoulos term. Note that
the Fayet Iliopoulos terms are associated only with a central abelian subalgebra of the
gauge algebra G.
Enforcing (5.17) we get the following equations of motion for the spinors:
∇/λ = 2iαλ− i [λ,M ]
∇/λc = 2iαλc + i [λc,M ]
(5.18)
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Taking the covariant derivatives of these, we obtain the equations of motion for the bosonic
fields:  ∇m∇mM I = −4α2M I − 2αζ I˜C II˜ − 2
[
λ, λ
]I
∇nFmn = −αǫmnpF np − i2 [∇mM,M ]
(5.19)
Using the rheonomic approach we find the following superspace lagrangian for the gauge
multiplet:
Lgauge = LMaxwellgauge + LChern−Simonsgauge + LFayet−Iliopoulosgauge , (5.20)
where
LMaxwellgauge = Tr
{
−Fmn
[
F + iψ
c
γmλV
m + iψγmλ
cV m − 2iMψψ
]
V pǫmnp
+ 1
6
FqrF
qrV mV nV pǫmnp − 14iǫmnp
[
∇λγmλ+∇λcγmλc
]
V nV p
+ 1
2
ǫmnpMm
[
∇M − iψλc + iψcλ
]
V nV p − 1
12
MdMdǫmnpV mV nV p
+ ∇MψcγcλV p −∇MψγpλcV p
+ Fψ
c
λ+ Fψλc + 1
2
iλ
c
λψ
c
γmψV
m + 1
2
iλλcψγmψ
cV m
+ 1
12
P2V mV nV pǫmnp − 2i(ψψ)M
[
ψ
c
λ+ ψλc
]
− 1
6
M
[
λ, λ
]
V mV nV pǫmnp
}
, (5.21)
LChern−Simonsgauge = αTr
{
− (A ∧ F − iA ∧ A ∧A)− 1
3
MPǫmnpV
mV nV p
+ 1
3
λλǫmnpV
mV nV p +Mǫmnp
[
ψ
c
γmλ− ψγmλc
]
V nV p
−2iM2ψγmψV m
}
(5.22)
LFayet−Iliopoulosgauge = Tr
{
ζC
[
−1
6
PǫmnpV
mV nV p + 1
2
ǫmnp
(
ψ
c
γmλ− ψγmλc
)
V nV p
−2iMψγmψV m − 2iAψψ
]}
(5.23)
5.2.2 Chiral multiplet
The chiral multiplet contains the following fields:(
zi, χi, H i
)
(5.24)
where zi are complex scalar fields which parametrize a Ka¨hler manifold. Since we are
interested in microscopic theories with canonical kinetic terms we take this Ka¨hler mani-
fold to be flat and we choose its metric to be the constant ηij∗ ≡ diag(+,+, . . . ,+). The
other fields in the chiral multiplet are χi which is a two components Dirac spinor and H i
which is a complex scalar auxiliary field. The index i runs in the representation R of G.
The covariant derivative of the fields X i in the chiral multiplet is:
∇X i = dX i + iηii∗AI(TI)i∗jXj , (5.25)
where (TI)i∗j are the hermitian generators of G in the representation R. The covariant
derivative of the complex conjugate fields X
i∗
is:
∇X i∗ = dX i∗ − iηi∗iAI(T I)ij∗Xj
∗
, (5.26)
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where
(T I)ij∗ ≡ (TI)i∗j = (TI)j∗i . (5.27)
The rheonomic parametrization of the curvatures is given by:
∇zi = V m∇mzi + 2ψcχi
∇χi = V m∇mχi − i∇/ziψc +H iψ −M I(TI)ijzjψc
∇H i = V m∇mH i − 2iψ∇/χi − 2iψλI(TI)ijzj + 2M I(TI)ijψχj
. (5.28)
We can choose the auxiliary fields H i to be the derivatives of an arbitrary antiholomorphic
superpotential W (z):
H i = ηij
∗ ∂W (z)
∂zj∗
= ηij
∗
∂j∗W (5.29)
Enforcing eq. (5.29) we get the following equations of motion for the spinors:
∇/χi = iηij∗∂j∗∂k∗Wχck∗ − λI(TI)ijzj − iM I(TI)ijχj
∇/χci∗ = iηi∗j∂j∂kWχk + λcI(T I)i∗j∗zj∗ − iM I(T I)i∗j∗χcj∗
. (5.30)
Taking the differential of (5.30) one obtains the equation of motion for z:
✷zi = ηii
∗
∂i∗∂j∗∂k∗W (z)
(
χj
∗
χck
∗
)
− ηij∗∂j∗∂k∗W (z)∂iW (z)
+P I(TI)
i
jz
j −M IMJ (TITJ)ijzj − 2iλI(TI)ijχj (5.31)
The first order Lagrangian for the chiral multiplet (5.24) is:
Lchiral = LWess−Zuminochiral + Lsuperpotentialchiral , (5.32)
where
LWess−Zuminochiral = 12ǫmnpΠ
mi∗
ηi∗j
[
∇zj − 2ψcχj
]
V nV p
+ 1
2
ǫmnpΠ
miηij∗
[
∇zj∗ − 2χψc j∗
]
V nV p
− 1
6
ǫmnpηij∗Π
i
qΠ
q j∗
V mV nV p
+ 1
2
iǫmnpηij∗
[
χj
∗
γm∇χi + χc iγm∇χc j∗
]
V nV p
+ 2iηij∗
[
∇ziψγmχc j∗ −∇zj∗χc iγmψ
]
V m
− 2iηij∗
(
χj
∗
γmχ
i
) (
ψ
c
ψc
)
V m − 2iηij∗
(
χj
∗
χi
) (
ψ
c
γmψ
c
)
V m
+ 1
6
ηij∗H
iH
j∗
ǫmnpV
mV nV p +
(
ψψ
)
ηij∗
[
zj
∗∇zi − zi∇zj∗
]
+ iǫmnpz
iM I(TI)ij∗χ
j∗γmψcV nV p
+ iǫmnpz
j∗M I(TI)j∗iχ
c iγmψV nV p
− 1
3
M I(TI)ij∗χ
j∗χiǫmnpV
mV nV p
+ 1
3
i
[
χj
∗
λI(TI)j∗iz
i − χc iλc I(TI)ij∗zj∗
]
ǫmnpV
mV nV p
+ 1
6
ziP I(TI)ij∗z
j∗ǫmnpV
mV nV p
− 1
2
(
ψ
c
γmλI(TI)ij∗
)
zizj
∗
ǫmnpV
nV p
+ 1
2
(
ψγmλc I(TI)ij∗
)
zizj
∗
ǫmnpV
nV p
− 1
6
M IMJ zi(TITJ)ij∗z
j∗ǫmnpV
mV nV p
+ 2iM I(TI)ij∗z
izj
∗
ψγmψV
m , (5.33)
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and
Lsuperpotentialchiral = −iǫmnp
[
χj
∗
γm∂j∗W (z)ψ + χ
c jγm∂jW (z)ψ
c
]
V nV p
+ 1
6
[
∂i∂jW (z)χ
c iχj + ∂i∗∂j∗W (z)χ
i∗χc j
∗
]
ǫmnpV
mV nV p
− 1
6
[
H i∂iW (z) +H
j∗
∂j∗W (z)
]
ǫmnpV
mV nV p
− 2i
[
W (z) +W (z)
]
ψγmψ
cV m (5.34)
5.2.3 The space–time Lagrangian
In the rheonomic approach ([44]), the total three–dimensional N=2 lagrangian:
LN=2 = Lgauge + Lchiral (5.35)
is a closed (dLN=2 = 0) three–form defined in superspace. The action is given by the
integral of LN=2 on a generic bosonic three–dimensional surface M3 in superspace:
S =
∫
M3
LN=2 . (5.36)
Supersymmetry transformations can be viewed as global translations in superspace which
move M3. Then, being LN=2 closed, the action is invariant under global supersymmetry
transformations.
We choose as bosonic surface the one defined by:
θ = dθ = 0 . (5.37)
Then the space–time lagrangian, i.e. the pull–back of LN=2 on M3, is:
LN=2st = Lkineticst + Lfermion massst + Lpotentialst , (5.38)
where
Lkineticst =
{
ηij∗∇mzi∇mzj∗ + iηij∗
(
χj
∗∇/χi + χc i∇/χc j∗
)
−gIJF ImnF J mn + 12gIJ∇mM I∇mMJ
+ 1
2
igIJ
(
λ
I∇/λJ + λc I∇/λc J
)}
d3x (5.39)
Lfermion massst =
{
i
(
χc i∂i∂jW (z)χ
j + χi
∗
∂i∗∂j∗W (z)χ
c j∗
)
−fIJKM IλJλK − 2χi∗M I(TI)ij∗χj∗
+2i
(
χi
∗
λI(TI)i∗jz
j − χc iλI(TI)ij∗zj∗
)
+2αgIJλ
I
λJ
}
d3x (5.40)
Lpotentialst = −U(z, z,H,H,M, P )d3x , (5.41)
and
U(z, z,H,H,M, P ) = H i∂iW (z) +H
j∗
∂j∗W (z)− ηij∗H iHj
∗
−1
2
gIJP
IP J − ziP I(TI)ij∗zj∗
+ziM I(TI)ij∗η
j∗kMJ (TJ)kl∗z
l∗
+2αgIJM
IP J + ζ I˜C I
I˜
gIJP
J (5.42)
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From the variation of the lagrangian with respect to the auxiliary fields H i and P I we
find:
H i = ηij
∗
∂j∗W (z) , (5.43)
P I = DI(z, z) + 2αM I + ζ I˜C I
I˜
, (5.44)
where
DI(z, z) = −zi∗(TI)i∗jzj (5.45)
Substituting this expressions in the potential (5.42) we obtain:
U(z, z,M) = −∂iW (z)ηij∗∂j∗W (z)
+1
2
gIJ
(
zi
∗
(TI)i∗jz
j
) (
zk
∗
(TJ)k∗lz
l
)
+zi
∗
M I(TI)i∗jη
jk∗MJ(TJ)k∗lz
l
−2α2gIJM IMJ − 2αζ I˜C II˜ gIJMJ − 12ζ I˜C II˜ gIJζ J˜C JJ˜
−2αM I
(
zi
∗
(TI)i∗jz
j
)
− ζ I˜C I
I˜
(
zi
∗
(TI)i∗jz
j
)
(5.46)
5.3 A particular N = 2 theory: N = 4
A general lagrangian for matter coupled rigid N = 4, d = 3 super Yang Mills theory is
easily obtained from the dimensional reduction of the N = 2, d = 4 gauge theory (see
[58]). The bosonic sector of this latter lagrangian is the following:
LN=4bosonic = −
1
g2
Y M
gIJF
I
mnF
J mn +
1
2g2
YM
gIJ∇mM I∇mMJ
+
2
g2
Y M
gIJ∇mY I∇mY J + 1
2
Tr
(
∇mQ∇mQ
)
− 1
g2
Y M
gINf
I
JKf
N
LM M
JY
K
MLY M −M IMJTr
(
Q(TˆI TˆJ)Q
)
− 2
g2
Y M
gINf
I
JKf
N
LM Y
J
Y K Y
L
Y M − Y IY J Tr
(
Q
{
TˆI , TˆJ
}
Q
)
−1
4
g2
Y M
gIJTr
(
Q(Tˆ I)QQ(Tˆ J)Q
)
(5.47)
The bosonic matter field content is given by two kinds of fields. First we have a com-
plex field Y I in the adjoint representation of the gauge group, which belongs to a chiral
multiplet. Secondly, we have an n-uplet of quaternions Q, which parametrize a (flat)12
HyperKa¨hler manifold:
Q =

Q1 = q1|0 − iq1|xσx
Q2 = q2|0 − iq2|xσx
· · ·
QA = qA|0 − iqA|xσx
· · ·
Qn = qn|0 − iqn|xσx

qA|0, qA|x ∈ IR
A ∈ {1, . . . , n}
x ∈ {1, 2, 3}
(5.48)
12 Once again we choose the HyperKa¨hler manifold to be flat since we are interested in microscopic
theories with canonical kinetic terms
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The quaternionic conjugation is defined by:
Q
A
= qA|0 + iqA|xσx (5.49)
In this realization, the quaternions are represented by matrices of the form:
QA =
(
uA ivA∗
ivA u
A∗
)
Q
A
=
(
uA
∗ −ivA∗
−ivA uA
)
uA = qA|0 − iqA|3
V m = −qA|1 − iqA|2 (5.50)
The generators of the gauge group G have a triholomorphic action on the flat HyperKa¨hler
manifold, namely they respect the three complex structures. Explicitly this triholomor-
phic action on Q is the following:
δIQ = iTˆ IQ
δI
(
uA ivA∗
ivA u
A∗
)
= i
(
T IA∗B
−T IAB∗
)(
uB ivB∗
ivB u
B∗
)
(5.51)
where the T IA∗B realize a representation of G in terms of n × n hermitian matrices. We
define TAB∗ ≡ (TA∗B)∗, so, being the generators hermitian (T ∗ = T T ), we can write:
TA∗B = TBA∗ . (5.52)
We can rewrite eq. (5.47) in the form:
LN=4bosonic = −
1
g2
Y M
gIJF
I
mnF
J mn +
1
2g2
Y M
gIJ∇mM I∇mMJ
+
2
g2
YM
gIJ∇mY I∇mY J +∇mu∇mu+∇mv∇mv
− 2
g2
Y M
M IMJY
R
fRILf
L
JSY
S −M IMJ
(
uTITJu+ vT IT Jv
)
− 2
g2
Y M
gIJ
[
Y , Y
]I [
Y , Y
]J − 2Y IY J (u{TI , TJ}u+ v{T I , T J}v)
−2g2
Y M
gIJ
(
vT Iu
) (
vT
J
u
)
− 1
2
g2
Y M
gIJ
[(
uT Iu
) (
uT Ju
)
+
(
vT
I
v
) (
vT
J
v
)
− 2
(
uT Iu
) (
vT
J
v
)]
(5.53)
By comparing the bosonic part of (5.38) (rescaled by a factor 4
g2
YM
) with (5.53), we see
that in order for a N=2 lagrangian to be also N=4 supersymmetric, the matter content
of the theory and the form of the superpotantial are constrained. The chiral multiplets
have to be in an adjoint plus a generic quaternionic representation of G. So the fields zi
and the gauge generators are
zi =

√
2Y I
g
YM
uA
g
YM
vA
T Ii∗j =

f IJK
(T I)A∗B
−(T I)AB∗
. (5.54)
Moreover, the holomorphic superpotential W (z) has to be of the form:
W (Y, u, v) = 2g4
Y M
δAA
∗
Y I vA(TI)A∗Bu
B . (5.55)
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Substituting this choices in the supersymmetric lagrangian (5.38) we obtain the general
N=4 lagrangian expressed in N=2 language.
Since the action of the gauge group is triholomorphic there is a triholomorphic mo-
mentum map associated with each gauge group generator (see [61, 62, 58])
The momentum map is given by:
P = 1
2
i
(
Q Tˆ Q
)
=
( P3 P+
P− −P3
)
, (5.56)
where
PI3 = −
(
uT Iu− vT Iv
)
= DI
PI+ = −2vT Iu = −g−4Y M ∂W/∂Y I
PI− = 2vT Iu = g−4YM ∂W/∂YI . (5.57)
So the superpotential can be written as:
W = g4
Y M
YIPI− . (5.58)
5.4 A particular N = 4 theory: N = 8
In this section we discuss the further conditions under which the N=4 three dimensional
lagrangian previously derived acquires an N = 8 supersymmetry. To do that we will
compare the four dimensional N=2 lagrangian of [58] with the four dimensional N=4
lagrangian of [59] (rescaled by a factor 4
g2
Y M
), whose bosonic part is:
LN=4 D=4bosonic =
1
g2
Y M
{
−FmnFmn + 1
4
∇mφAB∇mφAB + 1
4
∇mπAB∇mπAB
+
1
64
([
φAB, φCD
] [
φAB, φCD
]
+
[
πAB, πCD
] [
πAB, πCD
]
+ 2
[
φAB, πCD
] [
φAB, πCD
])}
(5.59)
The fields πAB and φAB are Lie-algebra valued:{
πAB = πABI t
I
φAB = φABI t
I , (5.60)
where tI are the generators of the gauge group G. They are the real and imaginary parts
of the complex field ρ:  ρ
AB = 1√
2
(
πAB + iφAB
)
ρAB =
1√
2
(
πAB − iφAB
) . (5.61)
ρAB transforms in the represention 6 of a global SU(4)-symmetry of the theory. Moreover,
it satisfies the following pseudo-reality condition:
ρAB = −1
2
ǫABCDρCD (5.62)
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In terms of ρ the lagrangian (5.59) can be rewritten as:
LN=8bosonic =
1
g2
Y M
{
−FmnFmn + 1
2
∇mρAB∇mρAB +
1
16
[
ρABρ
CD
] [
ρAB, ρCD
]}
(5.63)
The SU(2) global symmetry of the N=2, D=4 theory can be diagonally embedded into
the SU(4) of the N=4, D=4 theory:
U =
(
U 0
0 U
)
∈ SU(2) ⊂ SU(4) . (5.64)
By means of this embedding, the 6 of SU(4) decomposes as 6 −→ 4+ 1+ 1. Correspond-
ingly, the pseudo-real field ρ can be splitted into:
ρAB =

0
√
2Y g
Y M
u ig
Y M
v
−√2Y 0 ig
Y M
v g
Y M
u
−g
Y M
u −ig
Y M
v 0 −√2Y
−ig
Y M
v −g
Y M
u
√
2Y 0

=
 i
√
2σ2 ⊗ Y g
Y M
Q
−g
Y M
QT −i√2σ2 ⊗ Y
 , (5.65)
where Y and Q are Lie-algebra valued. The global SU(2) transformations act as:
ρ −→ UρUT =

i
√
2σ2 ⊗ Y g
Y M
UQU †
−g
Y M
(
UQU †
)T −i√2σ2 ⊗ Y
 (5.66)
Substituting this expression for ρ into (5.63) and dimensionally reducing to three dimen-
sions, we obtain the lagrangian (5.47). In other words the N=4, D=3 theory is enhanced
to N=8 provided the hypermultiplets are in the adjoint representation of G.
6 Conclusions
In this paper we have discussed an essential intermediate step for the comparison between
Kaluza Klein supergravity compactified on manifolds AdS4×X7 and superconformal field
theories living on an M2 brane world volume. Focusing on the case with N = 2 super-
symmetry we have shown how to convert Kaluza Klein data on Osp(2|4) supermultiplets
into conformal superfields living in three dimensional superspace. In addition since such
conformal superfields are supposed to describe composite operators of a suitable d = 3
gauge theory we have studied the general form of three dimesnional N = 2 gauge theo-
ries. Hence in this paper we have set the stage for the discussion of specific gauge theory
models capable of describing, at an infrared conformal point the Kaluza Klein spectra,
associated with the sasakian seven–manifolds (1.15) classified in the eighties and now
under active consideration once again. Indeed the possibility of constructing dual pairs
{M2–brane gauge theory,supergravity on G/H } provides a challenging testing ground
for the exciting AdS/CFT correspondence.
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Appendix
A Calculation of the Killing vectors
To evaluate the left-hand-side of (3.2) which has the form eA eB, we use the Campell-
Baker-Hausdorff formula for A an infinitesimal generator:
eA eB = exp
(
A +B + z1[B,A] + z2[B, [B,A]] + · · ·+ zn[B, [· · · [B,A] · · ·]]
)
,
(A.1)
where z0 = 1, z1 = −12 , z2 = 112 , z3 = 0, z4 = − 1720 · · · 13 We plug the equation (B.3) itera-
tively into (A.1). Then one sees that for the operators D, Pm and q
αi, the compensators
hD, hP and hq are zero. We can determine the complete expressions for their Killing
vectors, 14
→
k [Pm] = −i π(ρ)∂m ,
→
k [D] =
∂
∂ρ
+ δ(ρ) x · ∂ + d(ρ) θiα
∂
∂θiα
,
→
k [q
αi] = t(ρ)
∂
∂θiα
+ γ(ρ)
(
γθi
)α
∂m , (A.3)
where,
π(ρ) =
∞∑
n=0
(−)nznρn ,
δ(ρ) =
∞∑
n=1
(−)n−1znρn−1 ,
13The coefficients zn are determined recursively by
1
(n+ 1)!
+
z1
n!
+
z2
(n− 1)! + · · ·+ zn = 0 . (A.2)
14We write
(
γθi
)α
= (γm)αβθ
βi.
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d(ρ) =
∞∑
n=1
(−)n−1 1
2n
znρ
n−1 ,
t(ρ) =
∞∑
n=0
(−)n 1
2n
znρ
n ,
γ(ρ) =
∞∑
n=1
(−)n−1cnznρn−1 , (A.4)
and
cn+1 = cn +
1
2n
, c1 = 1 . (A.5)
These functions satisfy some differential relations that are needed for the closure of the
algebra. For example,
π′ − πδ = π ,
−2 tγ = π ,
t′ − td = 1
2
t ,
γ′ + γd− γd = 1
2
γ , (A.6)
which ensures closure of the commutators [D,Pm], [D, q
αi] and {qαi, qβj}. Upon taking
an SO(1, 2)-rotation for g = ej·J in (3.2) one sees that the compensator does not vanish
but equals g,
hJ(y) = e
j·J . (A.7)
Consequently one finds the complete expression for the Killing vector of the generator
Jm,
→
k [J
m] = εmpqxp∂q − i
2
(
θiγm
)
α
∂
∂θiα
. (A.8)
Similarly, for the SO(N ) group element g = etij T ij we find,
hT = e
tij T ij (A.9)
and
→
k [T
ij ] = i
(
θiα
∂
∂θjα
− θjα
∂
∂θiα
)
. (A.10)
Notice that both for the SO(1, 2) and the SO(N ) the Killing vectors do not depend on
the coordinate ρ. Finding the superspace operators for siα, Km is more involved. We
restrict ourselves here to find the superspace operators for small ρ, i.e. close to the
boundary of AdS. However we have checked that the expressions for the Killing vectors
(3.10) and the compensators (3.11) are complete. The s-supersymmetry is needed to
find extra constraints on constrained superfields. There is no need to consider the K-
transformations. A multiplet that transforms properly under s-supersymmetry will also
transform properly under K-transformations since
Km =
i
2
siγms
i . (A.11)
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The Killing vectors for small ρ (first-order approximation) are
→
k [Pm] = −i
(
1 + 1
2
ρ
)
∂m ,
→
k [q
αi] =
(
1 + 1
4
ρ
) ∂
∂θiα
− 1
2
(
1 + 1
4
ρ
) (
γmθi
)α
∂m ,
→
k [J
m] = εmpqxp∂q − i
2
(
θiγm
)
α
∂
∂θiα
,
→
k [D] =
∂
∂ρ
− 1
2
(
1 + 1
6
ρ
)
x · ∂ − 1
4
(
1 + 1
12
ρ
)
θiα
∂
∂θiα
,
→
k [s
αi] = −
(
1− 1
4
ρ
)
θαi
∂
∂ρ
+
1
12
ρ θαix · ∂ + i
2
(
1− 1
4
ρ
)
εpqm xp
(
γqθ
i
)α
∂m
−1
8
(
1− 1
4
ρ
)
θjθj
(
γmθi
)α
∂m −
(
1− 1
4
ρ
)
xm (γm)
α
β
∂
∂θiβ
+
1
4
(
1− 1
6
ρ
)
θαi θjβ
∂
∂θjβ
− 1
4
(
1− 1
4
ρ
)
θjθj
∂
∂θiα
−1
2
(
1− 1
4
ρ
) (
γmθ
i
)α
θjγm
∂
∂θj
,
→
k [Km] = − i2
→
k [s
i] γm
→
k [s
i] ,
→
k [T
ij] = i
(
θiα
∂
∂θjα
− θjα
∂
∂θiα
)
. (A.12)
and the compensators (ρ << 1) are given by
W [P ] = 0 ,
W [qαi] = 0 ,
W [Jm] = Jm ,
W [D] = 0 ,
W [sαi] =
(
1− 1
2
ρ
)
sαi − i
(
1− 1
4
ρ
) (
γmθi
)α
Jm + i
(
1− 1
4
ρ
)
θαj T ij .
(A.13)
Using the functions (A.4) it turns out that the change of coordinates from the (ρ, x, θ)-
basis to the (ρ, z, ξ)-basis can actually be written as
x = π(ρ) z ,
θ = t(ρ) ξ . (A.14)
Using the properties (A.6) one sees that indeed the bounary Killing vectors get the simple
form of (3.10).
Treating the boundary as a different coset, one understands that the superspace oper-
ators a priori are not retrieved by just putting ρ = 0 in the operators (A.12). To illustrate
this, let us look at the dilatation. Let us take g = eρD, then on the coset G/HCFT we
need a compensator hCFTD = g and find
kD
∣∣∣
∂AdS
= −x · ∂ − 1
2
θiα
∂
∂θiα
, (A.15)
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and one sees that this is not the Killing vector kD in the parametrization (ρ, x, θ) that
acts on the coset representative (3.7) with ρ = 0. Yet this is clearly the case for the
(ρ, z, θ) parametrization. And hence the parametrization (3.8) is the most suitable for a
comparative study between the boundary and the bulk of AdS superspace.
B Useful identities
γnγmγn = −γm (B.1)
Fierz relation,
φαψβ = −12 δαβ ψφ− 12 (γm)αβ ψγmφ ,
(γm)α β (γm)
γ
δ = −δαβδγδ + 2 δαδδγβ . (B.2)
The following identity can be used to plug it iteratively in formula (A.1),[
ρD + i x · P + θiqi , RD +X · P +Θjqj + L ·K + j · J + Σjsj + tjk T jk
]
=(
−2i x · L+ Σiθi
)
D
+
(
−ρXm + i R xm + iΘiγmθi + i εpqm xp jq
)
Pm
+
(
−1
2
ρΘiα +
1
2
Rθiα +
i
2
jm (θγm)α − 2 i tji θjα + xm
(
Σiγm
)
α
)
qαi
+ (ρLm)Km
+
(
2i εpqmLp xq + iΣ
iγmθi
)
Jm
+
(
1
2
ρΣiα − i Lm
(
θiγm
)
α
)
sαi
+
(
−iΣ[iθj]
)
T ij . (B.3)
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